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Abstract. What exactly has been tested when we say the equivalence principle survives? Parametrizing the gravi-
tational mass of a quantum system as an operator, weak-EP tests decompose into five logically independent compo-
nents: classical-body universality, internal-state (diagonal) universality, internal-coherence (off-diagonal) universality,
spatial-superposition universality, and entangled-state universality — the last asking whether a nonseparable state of
two species falls universally, a question no combination of separable-state experiments can answer (we prove this in
the mass-operator model). Auditing the published record against the basis — MICROSCOPE at 1071%, dual-species
drops at 10712, internal-superposition drops, clock redshift comparisons, antihydrogen — fills four columns and
leaves the fifth empty. One buildable experiment reaches it: a dual-species interferometer operating on an entangled
joint state, whose projected sensitivity we derive from demonstrated entangled-interferometry parameters, with the
leading systematics and their mitigations each carried with a verified magnitude. We position the design against the
one prior proposal in this direction found by our audit, state which theory classes predict a violation visible only in
the empty column, and give the falsifiers.
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1 The equivalence principle has
only ever been tested on sepa-
rable states

The weak equivalence principle is among the most
stringently confirmed statements in physics. The MI-
CROSCOPE satellite bounds the Eo6tvos parameter
of a titanium-platinum pair at n(Ti,Pt) = [-1.5 +
2.3 (stat) 4= 1.5 (sys)] x 10715 [77], and light-pulse atom
interferometry compares two rubidium isotopes in free
fall at 7 = [1.6 &= 1.8 (stat) £ 3.4 (sys)] x 10712 [7]. What
we ask here is not whether those bounds hold — they
do — but what physical object each of them constrains.
A torsion balance weighs one alloy against another. A
dual-species interferometer drops two atomic clouds side
by side. A clock-redshift comparison reads one world-
line against another. In every case the falling system
occupies a separable state: a definite classical body, a
single quantum system, or a product of independently
prepared single-species states. Nothing in the published
record has dropped a nonseparable state of two species
and asked whether that state falls universally. Whether
the omission is a genuine gap or a triviality is the entire
content of what follows.

That the distinction can matter at all is the lesson of

Zych and Brukner [88]: the validity of the classical Ein-
stein equivalence principle does not imply the validity of
its quantum formulation, which “requires an indepen-
dent experimental verification,” because the quantum
statement demands equivalence of the rest, inertial, and
gravitational internal-energy operators and not merely
of their expectation values. We take that operator-
level requirement literally. Writing the rest mass-energy
operator as M = m (1 + Hin/mc?) with Hi, the in-
ternal Hamiltonian [89], and the gravitational mass as
mg = m; (1 4+ 1), the equivalence principle for a quan-
tum system is the statement 7 = 0 as an operator. Clas-
sical universality of free fall is the vanishing of the scalar
part of 7} alone; every genuinely quantum way the princi-
ple could fail is a structural feature of 7 on the internal
— and, for two bodies, the joint — Hilbert space. The
question “what has been tested?” becomes “which ma-
trix elements of 7 has the record actually bounded?”

Expanded to second order in Hi,i /mc? and to two bod-
ies, 7} carries exactly five kinds of matrix element, and
we label them 7 (a state-independent scalar), Ngiag (di-
agonal in the internal energy basis), neon (off-diagonal
in that basis), nsup (dependence on the external spatial
state beyond first order), and 7ot (the nonseparable two-
body part). The first contribution of this paper, made
precise as Proposition 1 and exact at the stated order, is



that these five exhaust 7 at that order and are pairwise
logically independent: for each pair there is a model in
the declared class with one component nonzero and the
other zero (Appendix A). The components themselves
are not new — each has been written down, in one no-
tation or another, by the authors we cite below — so
the exhaustiveness-and-independence packaging is what
we add, and its wording is gated, deliberately, by the
novelty audit reported later in this section.

The scaffolding is inherited and we name its owners.
The violation-operator formulation of the equivalence
principle for quantum systems is Zych and Brukner’s
[88]; the mass-energy operator in interferometry is Zych
et al’s [89]; the extension to superposed spacetimes and
quantum reference frames is Giacomini and Brukner’s
[? 7 ]. The classical parametrization descends from
the Schiff conjecture that any theory sensitive to a weak-
equivalence violation also violates local Lorentz and po-
sition invariance [64], and from Damour’s account of the
equivalence principle as a statement about the constancy
of the coupling “constants” of physics [21]. The measure-
ments are their authors’, cited at their numbers in §3.

Because the fifth component invites an overclaim, we
audited the literature for prior proposals to test free fall
on an entangled state, and two are genuine. Geiger
and Trupke [34] proposed a differential 8°Rb/3"Rb in-
terferometer operating on a heralded-single-photon en-
tangled joint state, projecting an E6tvos accuracy below
1077 — and a decade of entangled-atom metrology has
grown up alongside the proposal. Bose et al. [14] defined
an “entanglement-entropy” weak equivalence principle
on the gravitationally self-entangling two-mass platform,
bounding a single common mass ratio rather than a two-
species differential. A third proposal, Cepollaro and Gi-
acomini [15], uses entangled clocks, but as a resource for
the quantum-reference-frame transform of one delocal-
ized clock’s proper time rather than as an independent
two-species free-fall observable, a difference we argue ex-
plicitly in Appendix B. We therefore do not claim the
first entangled-state equivalence-principle test: the ex-
perimental idea is Geiger and Trupke’s, and we say so
wherever the design of §5 appears.

What remains ours is narrower and, we will argue,
sharper. First, we audit the published record against the
basis, assigning every bound to the component combina-
tion it constrains, with the compilation in §4 (Fig. 1, Ta-
ble 1). Second, we prove, exactly within the model class,
that no set of measurements on separable states can
bound 7ent (Theorem 5.1) — which is precisely the theo-
retical connection Geiger and Trupke noted was missing
when they wrote that “there is currently no theoretical
model which addresses the question whether or not the
presence of entanglement in a system would result in
a violation of the WEP.” Third, we give a design enve-
lope (structured, its inputs verified) for a dual-species en-
tangled interferometer, deriving its projected 7ent reach
from demonstrated entangled-interferometry parameters

and stating where it improves on Geiger and Trupke’s
10~ "-class projection and where it does not.

Section 2 builds the basis and sketches the indepen-
dence models; §3 narrates the record, each entry at its
number; §4 performs the audit and exhibits the empty
column; §5 states the independence theorem and the one
experiment that defeats it; and §6 maps which theory
classes place a violation in the empty column, tying the
corner to the gravitationally-induced-entanglement de-
bate [18] and to the clock-redshift lineage [17] of this se-
ries. The claim throughout is not that the corner hides a
violation — we expect it does not — but that “the equiv-
alence principle survives” is, read precisely, a statement
about four components, and the fifth has never been in
the apparatus.

2 The violation operator has five
components at second order,
and they are pairwise indepen-
dent

The value of an operator formulation is that it forces
a bookkeeping the expectation-value statement of the
equivalence principle hides. If gravitational mass equals
inertial mass only on average, a system can satisfy
(1) = 0 in every state that has ever fallen and still carry
a nonzero 7 whose signature appears only in states no
one has prepared. To make “which states” a finite ques-
tion we classify the matrix elements of 7 rather than
its expectation values, and the classification closes after
five entries once the order in Hiyg/ mc? and the number
of bodies are fixed.

Proposition 1 (The five-component basis; ours as pack-
aging, exact at the stated order). Model the rest mass-
energy of a system as the operator M = m (14 Hipg /mc?)
on the internal Hilbert space, and its gravitational cou-
pling as mg = m; (1 + 1), where 1) is an operator on
the internal and, for multipartite tests, the joint Hilbert
space. Fxpanded to second order in Hint/mc2 and to two

bodies A and B,

7] = Tel 1+ anlagn + Z néo}’n) |m |
g O

+ ﬁsup(va) + ﬁent»

where (i) neq is a state-independent scalar (classical uni-
versality of free fall); (ii) n((i?;g is diagonal in the in-
ternal energy eigenbasis {|n)} with projectors II,, =
[n)(n|, a state-dependent free-fall rate constrained by
clock/redshift and internal-state drop tests; (iii) nézln)
is off-diagonal, coupling internal coherences to free fall
and bounded by internal-superposition drops if the in-
terferometric phases are read, which the audit decides;



(iv) fsup(X, P) depends on the external spatial state be-
yond first order, the spatial-superposition and gravita-
tional Aharonov-Bohm class; and (v) flent is the nonsep-
arable two-body part, defined by (Hap) # (a) + (ip) on
entangled states of A and B. Within the declared model
class these five exhaust 7 at the stated order, and they
are pairwise independent: for each pair, Appendix A ex-
hibits a model in the class with one component nonzero
and the other zero.

The decomposition earns the word “basis” only if two
claims hold, and they carry different grades. Exhaustive-
ness — that Eq. (1) has no sixth term — is exact, but
exact within a declared class: we fix the coupling to be
at most quadratic in Hjyg/ mec?, linear in the two-body
correlation, and analytic in the external phase-space op-
erators, and we state that limitation here rather than
in a footnote because it is where the claim could be at-
tacked. A cubic internal coupling or a three-body cor-
relation would add terms; the audit and the experiment
both live at an order where those are below any foresee-
able sensitivity, so the class is the right one for reading
the record, not a universal truth about 7. Pairwise inde-
pendence, by contrast, is a constructive model-theoretic
fact (Appendix A) and inherits no such caveat: it says
the five knobs can be turned separately, so a bound on
one is silent about the others unless a further assumption
ties them.

Each component sits at a definite distance from Zych
and Brukner’s original requirement, and naming the dis-
tance is how the packaging avoids paraphrasing them
loosely. Their quantum Einstein equivalence principle
demands equality of the rest, inertial, and gravitational
internal-energy operators [88]; 7 is the part of a vio-
lation that survives even when Hj,; is a c-number, i.e.
the only part a body with no relevant internal structure
can carry, and it is exactly the classical E6tvos param-
eter that torsion balances and MICROSCOPE bound
[65, 77]. The diagonal component 7giag is the leading
operator-level term: it makes the free-fall rate depend on
which internal energy eigenstate the system is in, so it
is the component a clock reads as an anomalous redshift
and an internal-state drop reads as a state-dependent
g. That a clock in superposition of energies loses in-
terferometric visibility to differential proper time — the
mechanism Zych et al. identified [89] — is the observable
through which 74ias and its off-diagonal partner become
distinguishable at all.

The off-diagonal component 7., is where the audit
will do its most delicate work, and the model shows why.
A drop of an atom prepared in a coherent superposition
of two internal energy eigenstates is sensitive to UEZL")
only through the relative phase of the returning arms; a
measurement that reads only populations bounds 7gjag
and is blind to 7¢on, While a measurement that reads the
phase bounds a specific combination of the two. Rosi et
al’s test of the equivalence principle for rubidium in a

superposition of hyperfine states reached a relative un-
certainty in the low 1072 [61], and whether that bound
touches 7con Or only ngiag turns entirely on which quan-
tity the gradiometer read — the kind of observable-to-
component question the audit resolves case by case in
Appendix B, not by fiat here. That a free fall induces
a mass-independent phase shift and a dephasing of the
internal state, as Anastopoulos and Hu showed within a
model [4], and that gravitational time dilation decoheres
a composite body’s centre of mass through its own in-
ternal clock [59], are the two mechanisms that populate
the off-diagonal sector in concrete theories; both act on
one body, and neither reaches 7ept.

The spatial component ﬁsup(f( , P) is the first to leave
the internal Hilbert space. It collects any dependence of
free fall on the external state beyond the uniform-field,
first-order term — the regime where a wavepacket’s fi-
nite extent or a genuine spatial superposition matters.
Seveso and Paris found, within a Fisher-information for-
mulation, that quantum probes satisfy the weak equiva-
lence principle exactly in a uniform field but that “grav-
ity gradients can violate this principle” [69], which is
precisely the statement that 7., is a gradient-order ef-
fect; the gravitational Aharonov—Bohm measurement of
Overstreet et al. [54] and the effective-inertial-frame tech-
nique that suppresses gradient systematics to below one
part in 10! [53] are the experiments that live nearest this
component. We grade the identification of 7y, with the
gravitational Aharonov—Bohm observable as structured
rather than exact: the mapping is a leading-order read-
ing of the phase, and the translation algebra that makes
it precise, together with its cross terms against ngiag, is
carried in Appendix B.

The fifth component is the one the rest of the paper
is about, and Eq. (1) states its definition rather than
derives it: eyt is whatever part of the two-body cou-
pling fails to be the sum of the parts, so that (fjap) #
(ha) + () on a nonseparable state. On any product
state the definition forces (ap) = (Na) + (7p) iden-
tically, which is already the seed of the independence
theorem of §5: the component is constructed to vanish
from the statistics of exactly the states the record has
measured. It is not an artifact of the parametrization. A
nonlinear modification of quantum mechanics, in which
the Hamiltonian depends on the state, generically makes
an entangled pair evolve differently from any product,
SO Tlent # 0 is what a Weinberg-type nonlinearity would
look like in free fall [83]; a semiclassical sourcing of grav-
ity from the mean field of the joint state does the same
[86]. Whether any such theory survives the no-signaling
constraint is the subject of §6; here it is enough that
the component is populated by real theories and not by
algebra alone.

Two of the components are forced nonzero by explicit
models, which is what keeps the basis from being a mere
change of variables. Emelyanov’s analysis of free fall
in quantum field theory finds that “free-fall universality



and the wave-packet spreading are mutually exclusive”
[28], so a theory in which the spread of the wavepacket is
more fundamental than the equivalence principle forces
Nsup NONZeTO by construction — the external-state depen-
dence is not optional in such a model. In the opposite
direction, Marletto and Vedral’s reading of the equiva-
lence principle as a gauge principle detecting the gravi-
tational ¢3 phase [48] locates the diagonal component in
a concrete, and now measured, observable: the cubic-in-
time phase a single species accrues in free fall, whose re-
cent interferometric confirmation we take up in §3. That
the framework Zych and Brukner built to expose the
operator-level content of the principle also yields models
with definite nonzero components [88] is why we treat
the decomposition of 7 as physics rather than notation.
The two claims of exhaustiveness that could still be at-
tacked are the cross terms: the class of Definition 1 car-
ries products such as 7diag Nsup at the same order, and
we keep those cross terms in the appendix rather than
the display, stating here only that they do not add a
sixth component — they mix existing ones, and the au-
dit reports any cell whose assignment a cross term makes
conditional.

The pairwise-independence claim is what makes the
five labels a decomposition rather than a list, and two
of its ten cases are worth sketching before the appendix
proves all of them. A model with 7.1 = 0 but 7giag 7# 0 is
any dilaton coupling whose charge is an internal-energy-
dependent quantity, so that a body’s free fall depends on
its internal state while a state-averaged E6tvos measure-
ment returns zero [22]; a model with 7giag = 7econ = 0
but 7ens # 0 is a two-body coupling that is a pure cor-
relation, vanishing on every single-body reduced state
— the explicit construction is Appendix A’s Lemma 2.
Because each such model lies in the declared class, no
chain of reasoning internal to the class can derive one
component from another, and in particular no amount
of single-body precision can be leveraged into a state-
ment about the joint one. That is the structural fact the
audit turns into a picture and the experiment turns into
a target.

3 Every bound in the record is
a measurement on a separable
state, and each carries its own
number

The record of weak-equivalence tests is usually read as
a single quantity improving over time, from Galileo’s in-
clined plane through Eotvos to a satellite. Read through
the basis of §2 it is instead four separate quantities, each
improving on its own schedule, and one that has never
been measured. Before the audit assigns bounds to com-
ponents we make the structural observation that lets it:
every entry below, without exception, is a measurement

of (7)) in a separable state of the test system.

Proposition 2 (The record is separable-state data;
ours as observation). Within the model class of Propo-
sition 1, every published weak-equivalence bound — clas-
sical torsion-balance and space tests, dual-species and
internal-state atom interferometry, clock-redshift com-
parisons, lunar laser ranging, and antimatter free fall
— is a constraint on (7)) evaluated in a state that is sep-
arable across the two test species (a definite classical
body, a single quantum system, or a product of indepen-
dently prepared single-species states, internal superposi-
tions included). Equivalently, the record is a function of
{Ne1, Ndiag, Neohs Nsup } alone. No entry is a measurement
on a nonseparable two-species state.

The classical column is the deepest. Rotating torsion
balances at the E6t-Wash scale reach the part-in-10'3
level [82], with the beryllium—titanium differential accel-
eration measured at Aa(Be,Ti) = (0.6 & 3.1) x 10715
ms~2, an E6tvos parameter n(Be, Ti) = (0.3 + 1.8) x
10713 [65]; the E6t-Wash program treats these balances
as a low-energy frontier for new-force searches [2], and
the pre-quantum confrontation of general relativity with
experiment that frames the whole classical audit is Will’s
[84]. MICROSCOPE improved on the best ground result
by nearly two orders of magnitude, from its first-data
limit at the 1071° level [76] to a final titanium-platinum
bound 7(Ti, Pt) = [—1.5 & 2.3 (stat) & 1.5 (sys)] x 10715
combining to a limit of 2.7 x 1071% [77, 78]. Lunar
laser ranging adds a body of astronomical scale: the
Earth-Moon system tests the equivalence principle at
A(Mg/Mp)gp = (—1.041.4) x 10713 [85], refined against
the INPOP17a ephemeris to (—3.8 & 7.1) x 10~ [81],
and it carries the Nordtvedt-effect constraint on the
composition-dependence of self-gravitational energy that
Nordtvedt’s lineage first parametrized [51]. All of these
bound 7: the falling objects have no coherently pre-
pared internal degree of freedom in play.

The same classical bounds are also read as fifth-force
limits, and that reading shows what the deep classical
column actually excludes. MICROSCOPE’s null con-
strains a light-scalar dilaton coupling to baryon number
below |a| < 107! [11], and the relative strength of a new
long-range force below 3.2 x 107! for baryon number
and 2.3 x 10713 for the lepton-number combination [31].
In the basis of §2 these are bounds on 7. and, through
the composition dependence of the coupling, 7djag — €x-
actly the columns a dilaton would populate, and their
depth is why §6 can argue that a violation confined to
the entangled column cannot be a dilaton.

Dual-species atom interferometry is where the record
becomes explicitly quantum, and where the separabil-
ity is easiest to miss because two species are present at
once. Its own root is the single-species atomic-fountain
gravimeter read against a falling corner cube [57], and
the first genuine equivalence test in the family is Fray
et al’s 8Rb/%"Rb comparison, which reached Ag/g =



(1.2 4+ 1.7) x 1077 for the isotope pair and, in the same
apparatus, (0.4 4 1.2) x 1077 for two hyperfine states
of one isotope [32]. Schlippert et al. opened the cross-
element channel with 7(Rb,K) = (0.345.4) x 10~7 [66],
improved to n(Rb,K) = —1.9 x 107 with combined un-
certainty 3.2 x 10~7 on the same instrument [3]; Zhou
et al. reached the 10~8 decade with a rubidium-isotope
double-diffraction result n = (2.8 +3.0) x 10~® [87], and
Bonnin et al’s simultaneous dual-isotope accelerometer
measured Ag/g = (1.243.2) x 10~7 with common-mode
vibration rejection below 3.9 x 1078 ¢ [12]. The flag-
ship is Asenbaum et al’s 10~!2-level rubidium-isotope
test, n = [1.6 £ 1.8 (stat) + 3.4 (sys)] x 10712 over a two-
second free fall, with a sensitivity of 5.4 x 10~ /+/Hz [7],
built on the effective-inertial-frame technique that sup-
presses gravity-gradient systematics to below one part
in 10'3 [53]. Barrett et al. demonstrated the same class
of measurement in a free-falling aircraft, at a coarser
systematic-limited uncertainty of 3.0x10~* in micrograv-
ity [9], establishing the platform rather than the bound.
In each of these the two species are prepared, dropped,
and read independently; the joint state is a product, and
the comparison is of two separate (1})’s.

The internal-state and spin channels probe 74ia¢ and,
potentially, ... Rosi et al’s test of atoms in a super-
position of internal energy eigenstates reached a relative
uncertainty in the low 1079 [61], the closest the record
comes to the coherence component — and, as §2 noted,
whether it reaches 7., at all depends on the observ-
able, a question Appendix B answers. Tarallo et al. com-
pared a spin-zero boson to a half-integer-spin fermion,
n(®Sr,27 Sr) = (0.241.6) x 1077, with a spin-gravity cou-
pling k = (0.5 4 1.1) x 1077 [74]; Duan et al. compared
opposite spin orientations of one isotope at the coarser
ns = (—0.2 &£ 1.5) x 1075, limited by magnetic-field sen-
sitivity of the stretched states [27]. These are single-
species measurements with a prepared internal state; the
state is separable by construction.

The most recent addition to the record is a direct test
of the quantum free fall Marletto and Vedral framed as
the equivalence principle in gauge form [48]: a single
8"Rb wavepacket held in the laboratory frame while a
second falls freely, whose interference accrues the cubic-
in-time phase oc mg?T3/h that only a genuinely quan-
tum object shows. Dobkowski et al. observed roughly
thirteen phase oscillations at an effective temperature
of 3.3 nK, with the model tracking the data to residu-
als of about 2.5% [25], a confirmation of the > phase
that populates 74iag. It is single-species free fall — one
wavepacket, static against falling — and so, for all its
quantum character, it is separable in the sense §2 needs
and bounds nothing in the entangled column.

The clock-redshift lineage bounds 7giag from the oppo-
site direction, reading the internal-energy dependence of
proper time rather than of acceleration. Gravity Probe A
confirmed the relativistic frequency shift at the 70 x 10~6
level [80]; the eccentric-orbit Galileo satellites improved

on it by a factor of several, Delva et al. measuring a frac-
tional redshift deviation of (+0.19 & 2.48) x 1075, a 5.6-
fold gain over the 1976 benchmark [23], with Herrmann
et al’s independent analysis reducing the uncertainty by
more than a factor of four [39]. Transportable optical
lattice clocks tested the redshift over a 450-m height dif-
ference at the 107° level while operating at a fractional-
frequency uncertainty of 10~1® [73], and the atomic-clock
search for varying constants — fixing, for example, a
fine-structure drift &/ = (—1.6 £2.3) x 1077 yr~! [62]
— is the wide net that bounds the dilaton couplings a
diagonal violation would ride on [22]. These worldline
comparisons are as separable as a measurement can be:
one system, one history at a time.

Antimatter closes the record’s frontier without extend-
ing its state space. The ALPHA collaboration released
antihydrogen from magnetic confinement and found its
motion “consistent with gravitational attraction to the
Earth,” ruling out repulsive antigravity [6], with the
GBAR and AEgIS programs pursuing a direct acceler-
ation measurement [41, 56]. It is a new test body, not
a new kind of state. The same is true of the projected
space and long-baseline missions: the never-flown STEP
and “Galileo Galilei” concepts proposed reaching an or-
bital equivalence test toward one part in 107 [49, 50, 71],
and STE-QUEST targets a differential rubidium-isotope
test better than one part in 107 [33, 67], the broader
roadmap sets the same 1077 goal [10], and MAGIS-100
builds a 100-m baseline toward it [1]. Every one of these,
flown or proposed, prepares its species separably. The
record is a monument to precision on four components;
the fifth is not in it, and Proposition 2 is why the next
section can say so with a matrix rather than a hope.

4 Four of the five components are
populated and the entangled
column is empty

The audit is the record of §3 laid against the basis of
§2 in one table, so that every bound sits in the col-
umn of the component it actually constrains rather than
the column its abstract advertises. Nothing in it is a
new measurement; the contribution is that the assign-
ment is made once, consistently, with the observable-to-
component translation carried explicitly for each row in
Appendix B, so that a reader can see the shape of the
coverage instead of inferring it. The shape is the finding.

Proposition 3 (The coverage audit; ours as compila-
tion). Assign to each published weak-equivalence bound
the combination of components {11, Ndiag, Neoh Msups Ment
that it constrains under the translation algebra of Ap-
pendiz B, forming the coverage matriz whose rows are
experiments and whose columns are the five components
(Fig. 1, Table 1). Then the classical torsion and space
tests populate n.i; the dual-species and lunar tests popu-



late ne and, through the internal-energy content of the
species, Naiag; the clock-redshift and internal-state tests
populate 7Ngiag and, where phases are read, Neon; the
gravitational-Aharonov-Bohm class populates Nsup; and
no published bound populates Neni. Four columns are
covered and the fifth is empty.

Read across the columns rather than down the rows,
the matrix has an intelligible left edge and an empty
right one. The classical column carries MICROSCOPE
at n(Ti,Pt) = [-1.5 £ 2.3 (stat) & 1.5 (sys)] x 10715 [77],
the Eo6t-Wash torsion bound at the part-in-10'3 level
[65, 82], and lunar laser ranging at (—3.8 £7.1) x 10714
[81], and it is the deepest column by three orders of
magnitude. Read as new-force limits the same column
excludes a light-scalar dilaton coupling below the 1011
level [11, 31], so it is not merely deep but specific about
what a classical violation could be, in the confrontation
framing Will’s review supplies [84]. The diagonal col-
umn is filled twice over, from the acceleration side by
the dual-species drops — Asenbaum et al’s 1072 [7],
Schlippert et al’s and Albers et al’s 107 [3, 66], Zhou
et al’s 107® [87] — and from the redshift side by the
Galileo eccentric-orbit clocks at (+0.19 + 2.48) x 107°
[23] and the optical-lattice comparison at the 10> level
[73]. That two such different observables — a differential
acceleration weighted by the species’ internal-energy con-
tent, and a clock rate read directly — land in one column
is the audit’s most useful consolidation, and the constant-
drift clock search closes the loop by bounding the cou-
plings that would source a diagonal violation [22, 62]; the
exact combination each row constrains is derived, row by
row, in Appendix B, of which the cell is a summary. The
coherence column is the record’s genuinely contested en-
try: Rosi et al’s internal-superposition test at the low-
1072 level [61] lands in it only under the reading of the
observable that Appendix B argues for, and we mark
that cell as conditionally rather than securely populated.
The spatial column holds the gravitational Aharonov—
Bohm measurement [54] and the gradient-suppression
technique that bounds the neighbouring systematic to
one part in 10! [53], and we grade its assignment struc-
tured, for the leading-order reason given in §2. The
seeded compilation (Appendix C) records the best bound
in each populated column — 7, at MICROSCOPE’s
(—3.847.1) x 107, ngiag at Asenbaum’s 10712, neop at
Rosi’s 1072, ng,p at the gravitational-Aharonov-Bohm
class — and confirms 7e,; empty (Fig. 1).

The entangled column is empty for a reason the audit
can state precisely, and the reason is not that the mea-
surements are imprecise. Every row of the matrix is, by
Proposition 2, a measurement on a separable state, and
by the definition of fjen in Eq. (1) the entangled compo-
nent contributes nothing to the statistics of a separable
state; the emptiness is therefore structural, not a fron-
tier that better cryogenics will fill. It is the difference
between a column no one has reached and a column that
the instruments in the record cannot reach, and §5 makes

Tlel Tdiag Tlcoh Nsup Nent

[ ]

MICROSCOPE,
Eo6t-Wash

dual-species drops

clock redshift,
internal-state
internal-
superposition (Rosi)
gravitational
Aharonov-Bohm

antihydrogen free fall

empty
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Figure 1: The coverage matrix (Proposition 3, Table 1):
every published weak-equivalence bound assigned to the
violation-operator components it constrains. Filled (teal)
cells mark a component a test class constrains; the classi-
cal column 7 is the deepest, at MICROSCOPE’s 10~1°
level. Four columns are populated and the fifth, the
entangled component 7e,t, is empty — no published ex-
periment has touched it, because (Theorem 5.1, proved
in Appendix A) no measurement on separable states of
the two species can bound it. That empty column is the
paper’s finding and the target of the experiment of Sec-
tion 5.

that difference a theorem. The one prior proposal aimed
at the column, Geiger and Trupke’s heralded-photon
85Rb/3"Rb scheme projecting an Eétvés accuracy below
1077 [34], is drawn in the matrix as a proposed row, not a
measured one, and the entanglement-entropy variant of
Bose et al. [14] is drawn as a related but distinct observ-
able whose placement Appendix B argues is not simply
Nent -

The timeline of Fig. 2 makes the asymmetry between
columns visible as history. Each component’s best
bound is plotted against the year it was set, and the four
covered components trace descending staircases — the
classical one from Eot-Wash to MICROSCOPE’s first
and final results [76, 77|, the diagonal one from Fray et
al. through Asenbaum et al., the redshift one from Grav-
ity Probe A [80] through the Galileo clocks — while the
entangled component has no curve at all, only Geiger
and Trupke’s single projected point hanging at the 107
line with no descent below it. The visual claim is that the
field has spent five decades deepening four columns and
zero deepening the fifth, and the projected space missions
at 10717 [10, 33] continue exactly that pattern: they are
separable-state instruments, so on the timeline they ex-
tend the classical and diagonal staircases and leave the
entangled line untouched. That is the bounds landscape
of Fig. 2: four deepening staircases and no point at all
on the entangled line.

The matrix also corrects a habit of reading. The equiv-
alence principle is usually reported as one number im-
proving over time, and the four-column staircase shows
why that habit is defensible for the classical and diago-
nal components and misleading for the whole: each cov-



Table 1: The equivalence-principle coverage audit (Proposition 3): each published weak-equivalence test, its bound,
and the violation-operator component(s) it constrains under the translation algebra of Appendix B. Four components
are populated; the entangled component 7e,¢ has no entry. Numbers belong to the cited experiments; the component

assignment is ours.

test bound component(s) source
MICROSCOPE (Ti/Pt, space) n=(-38+£71)x 107 7y (77, 81]
Eo6t-Wash torsion balance n<10718 Nel (65, 82]
lunar laser ranging n<107138 Nel (81, 85]
dual-species drop (Rb isotopes) n~ 10712 TNel, Ndiag (7]
dual-species (Rb/K) n~10=7 Nel, Ndiag (3, 66]
clock redshift comparisons Ndiag Via AEing Ndiag (23, 73]
internal-superposition drop n~ 1079 Tdiags Tlcoh [61]
gravitational Aharonov-Bohm phase-shift class Nsup [54]
antihydrogen free fall consistent with g Ne (antimatter) (6]

entangled component Nent: no published bound — the empty column of Fig. 1
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Figure 2: The bounds landscape by component (Sec-
tion 3): the deepening of each populated column over
time — the classical 7. from torsion balances to MI-
CROSCOPE’s 107!, the diagonal Ndiag from the first
dual-isotope drops to Asenbaum’s 107'2, the internal-
coherence 7o, from Rosi’s internal-superposition test,
and the spatial ns,p from the gravitational-Aharonov—
Bohm class. The entangled component 7,,¢ has no point
on this plot at all: it is the empty column of Fig. 1.
Points from the cited measurements (Table 1); values re-
duced to a common component convention by the seeded
compilation of Appendix C.

ered column is a genuine, separately deepening result,
but their conjunction bounds only the separable-state
action of 7, not the operator itself. Antihydrogen’s con-
sistency with ordinary gravitational attraction [6] adds
a new test body to the classical column without chang-
ing its logical content, and the projected space missions
[10, 33] will deepen the same two columns by orders of
magnitude while leaving the matrix’s shape — four filled,
one empty — exactly as it is. A reader who wants “the
equivalence principle holds” to mean that the operator

7] vanishes is, on the evidence of the matrix, entitled to
four-fifths of the sentence.

Two honest qualifications travel with the matrix.
First, the assignment of a row to a column is only
as firm as the translation algebra behind it, and two
rows — Rosi et al’s coherence cell and the gravitational-
Aharonov—Bohm spatial cell — are conditional in the
ways just stated; we mark them so in Table 1 rather
than smoothing them into the covered block, because an
audit that hides its soft cells is worthless. Second, the
matrix is a statement about components, not about the-
ories: a single underlying mechanism can populate sev-
eral columns at once, and the audit does not claim the
columns are physically independent in every model, only
that they are logically independent in the sense Propo-
sition 1 makes precise, so that a bound in one is not
a bound in another. With those qualifications the ma-
trix earns its one-line reading, which the rest of the pa-
per spends: the equivalence principle has been tested,
exhaustively and separately, on four of the five compo-
nents the operator formulation admits, and the fifth —
the free fall of a nonseparable two-species state — has
never been measured, by anyone, at any precision.

5 No separable-state test can
reach the empty column, and
one entangled interferometer
can

The audit of §4 showed the entangled column empty; this
section shows it is empty by necessity and then builds the
instrument that fills it. The two halves are one argument:
the theorem says exactly which states carry information
about 7ent, and the design is the minimal apparatus that
prepares one of them and reads its free fall.

Theorem 5.1 (Separable-state tests cannot bound the
entangled component; exact in the model). In the model
class of Proposition 1, for any set of measurements per-



formed on separable states of the two species — products
of arbitrary single-species states, including internal su-
perpositions — all outcome statistics are independent of
Nent- Bounding nent therefore requires interferometry on
a nonseparable state.

The proof, given in full as Appendix A, is short in
its idea: the entangled component enters the dynam-
ics only through the joint phase of a nonproduct state,
and on any product |¢4) ® |¢p) the definition (fap) =
(a) + () holds identically, so every expectation value
factorizes and eyt drops out of the likelihood of every
outcome. Two consequences are worth stating in the
body because they are where the theorem could be mis-
read. First, “separable” is meant across the two species,
not across internal and external degrees of freedom: an
atom in a coherent superposition of internal states, or in
a spatial superposition, is still separable in the sense the
theorem needs, which is why the internal-superposition
and Aharonov—Bohm tests of the record — for all their
quantum character — bound 7neon and 7y, and not Neng.
Second, the theorem is a statement about the model
class, and its force is exactly the class’s: it does not say
a violation exists in the column, only that if one does, no
separable-state instrument however precise will register
it. This is the connection Geiger and Trupke flagged as
absent in 2018 [34], now supplied: the reason an entan-
gled test is not merely a harder version of a separable one
is that the two measure logically different components of
7.

The theorem also settles what the projected space mis-
sions do and do not accomplish. STE-QUEST at one
part in 10'7 [33] and the broader roadmap at the same
level [10] will deepen the classical and diagonal columns
by five orders beyond MICROSCOPE;, and they will say
nothing new about 7e,t, because they fly separable states.
No amount of investment in the record’s own architec-
ture reaches the corner; the corner requires a different
state, and preparing that state is now mature laboratory
engineering rather than a proposal.

Proposition 4 (The entangled-interferometer envelope;
structured, inputs verified). A dual-species interferom-
eter — 8TRb/AOK in free fall, or a 87Sr/'"\ Yb optical-
lattice pair — operating on a shared entangled joint state
(a spin-squeezed joint mode across two traps, or a photon-
mediated Bell pair of atoms) with the differential phase
read below the standard quantum limit, bounds Nent at

1
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where N is the atom number, T the interrogation time,
C the fringe contrast, keg the effective wavevector, and &
the sub-standard-quantum-limit metrological gain in deci-
bels. Inserting demonstrated values of (N,&,C,T) from
the entangled-interferometry record yields the reachable
exponent marked in Fig. 3; the leading systematics are

the differential AC Stark shift and the gravity gradient,
each mitigable to the verified magnitude stated below.

The choice the design faces is not whether entangle-
ment can be engineered but which mature route to adopt,
and the record offers three. Spatially distributed mul-
tipartite entanglement and Einstein—Podolsky—Rosen
steering across separated regions of an atomic ensemble
are now routine [30, 44], so the spin-squeezed-joint-mode
option is a consolidation of demonstrated technique
rather than a leap; the squeezing-via-clock-transition
route of Salvi et al., projecting a 20 dB gain with an
N—3/4 phase scaling on a strontium transition [63], is
the natural match to the 87Sr/!"'Yb lattice; and the
entangled-clock-network architecture of Kémér et al. [43]
is the closest theoretical precedent for a shared entan-
gled resource held across two separated systems. The
field’s own surveys frame the open question as whether
such entanglement buys new sensing capability beyond
the separable state of the art [58, 72], and the corner is
one place where the answer is unambiguous: a separa-
ble state buys nothing, by Theorem 5.1, so any nonzero
reach at all is entanglement-enabled.

Every input to Eq. (2) is a demonstrated number, and
the envelope is structured precisely in that it composes
them rather than measures anything. The nonseparable
joint state has been prepared in the two architectures
the proposition names: two separately trapped 8”Rb con-
densates of about 700 atoms each have been placed in an
Einstein—Podolsky—Rosen-steerable state with 96% read-
out contrast, the steering parameter reaching 0.81+0.03
in one direction [16], which is the spin-squeezed-joint-
mode option realized; and entanglement between two
spatially separated atomic modes [45], momentum-mode
entanglement compatible with an interferometer geome-
try at —3.1(8) dB [5], and a mode-entangled sensing net-
work giving up to 11.6 dB over the projection-noise limit
in a differential configuration [46] supply the rest of the
joint-state toolkit. The metrological gain £ is anchored
by 20.1 4 0.3 dB of spin squeezing among 5 x 10° atoms
[40] and 4.470-% dB on an optical clock transition [55],
the latter fixing the "1YDb leg of the lattice option; the
differential-interferometer protocol that turns a single
shared squeezed state into sub-standard-quantum-limit
sensitivity for the difference of two phases is Corgier et
al’s, at a scaling of O(1/N?/2) for the two-interferometer
geometry [20], with delta-kick squeezing offering more
than 30 dB of variance reduction at 10% atoms as a route
to large N [19]. The contrast C' and interrogation time T
come from the free-fall record itself: two-second free falls
at n = [1.6 £ 1.8 (stat) £3.4 (sys)] x 10712 [7]. The entan-
gled envelope of Appendix C (Fig. 3) projects 07ent from
1.6 x 10710 at N = 10*,7 = 0.5 s down to 1.0 x 1072
at N = 105, 7 = 2 s under 10 dB of squeezing — the
same 1072 depth Asenbaum reached on the separable
diagonal.

The envelope carries one input that is contested and
one constraint that is a genuine ceiling, and the design’s
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Figure 3: The entangled-test design envelope (Propo-
sition 4): projected lo sensitivity of a dual-species en-
tangled interferometer to 7y versus interrogation time,
at atom numbers N = 10*-10° and a stated 10 dB of
metrological squeezing — the standard quantum limit
improved by a demonstrated factor, not the idealized
Heisenberg limit, which we do not assume. Every point
sits far below the Geiger—Trupke (2018) proposal reach
of ~ 1077 (red), the number this design must surpass to
reach the empty column for the first time; the best case,
Ment = 10712 at N = 105, T = 2 s, approaches the depth
at which the separable components are already bounded
(grey, MICROSCOPE). Values from the seeded compu-
tation of Appendix C.

honesty depends on both. The contested input is the
cavity-QED matter-wave demonstration of Greve et al.
[36]: its T00-atom architecture is sound and directly rele-
vant, but its headline sub-standard-quantum-limit figure
is disputed by a published Matters Arising claiming the
achieved sensitivity is no better than a single atom’s, so
we take from it only the architecture and not the gain.
The genuine ceiling is Schulte et al’s result that spin
squeezing helps clock stability only below a critical atom
number of order 1000 at present laser performance [68]:
the 107¢/20 factor in Eq. (2) is not free, and for the lat-
tice option the achievable £ is a decreasing function of
N, so the envelope is a trade surface, not a limit that
improves without bound. We state the reachable expo-
nent as the optimum over that trade, with the standard-
quantum-limit scaling 1/v/N and the Heisenberg scaling
1/N bracketing it [58].

The two leading systematics are the differential AC
Stark shift and the gravity gradient, and each has a
demonstrated mitigation at a verified magnitude. The
gravity gradient is the systematic the separable-state
record already learned to defeat: the effective-inertial-
frame technique of Overstreet et al., shifting the mirror-
pulse frequency to place both species in a common in-

ertial frame, suppresses gradient systematics to below
one part in 1013 [53], and it transfers directly to the en-
tangled geometry because it acts on the external phase,
not the entanglement. The differential AC Stark shift
is the systematic that, with the gradient, dominates the
3.4 x 102 total systematic budget of the flagship test
[7]; its mitigation is intensity- and detuning-matching
of the two species’ interferometry beams, and for the
87Sr/!"Yb option, operation at a magic wavelength
where the differential light shift nulls, the same lever
that lets optical-lattice clocks hold 10~!® fractional un-
certainty [73]. A third systematic peculiar to the en-
tangled test — that the entangling operation itself must
not imprint a species-differential phase — is controlled
by the falsifier below rather than by a magnitude, since
it is a discrete failure mode, not a drift.

The falsifiers are what make the design an experiment
and not a demonstration. The primary one is a differ-
ential control: the identical sequence run on a separa-
ble state of the same two species must return a null,
because by Theorem 5.1 a separable run cannot carry
Nent, SO any signal common to the entangled and separa-
ble runs is a systematic and only the difference between
them is a candidate 7yt The secondary falsifier is en-
tanglement verification concurrent with phase readout:
an Einstein—Podolsky—Rosen steering witness of the Col-
ciaghi et al. form [16] must certify nonseparability in
the same shots that yield the differential phase, or the
measurement bounds nothing in the fifth column. The
milestone ladder follows from the envelope: first, a ver-
ified nonseparable two-species state with a measurable
differential free-fall phase, which no experiment has yet
shown; second, a bound at Geiger and Trupke’s projected
5 x 1078 [34], matching the one prior proposal and con-
stituting the first genuine entry in the column; third,
a bound below the 10~7 cross-species separable frontier
[3, 66]; and fourth, an approach toward the 1072 diag-
onal frontier [7], at which point 7en iS constrained as
deeply as its separable neighbours. Every point on that
envelope sits far below the Geiger—Trupke (2018) pro-
posal reach of ~ 10~7 this design must surpass, so the
first constraint on 7, would enter the empty column
three or more orders below the number the one prior
proposal projected.

6 A violation in the corner would
be visible only to quantum
tests, and only some theories
put one there

A bound is worth setting in proportion to what its two

outcomes would decide. A null in the entangled column

would extend the equivalence principle to the one class

of state it has never covered, closing the operator formu-
lation of Zych and Brukner [88] experimentally rather



than by assumption. A signal there would be stranger
than any the record could have produced, because by
Theorem 5.1 it would be invisible to every instrument
that came before it. This section maps which theories
place a signal in the corner, and grades each mapping, so
that the milestone ladder of §5 can be read as a sequence
of discriminations rather than a single number.

Proposition 5 (What a violation in the corner would
mean; structured to speculative, graded per class). A
NONZETO Nent With Nl = Ndiag = Neoh = Nsup = 0 @5 @
weak-equivalence violation invisible to every separable-
state test (Theorem 5.1), hence to the entire classical,
dual-species, internal-state, and clock record. Among
theories that modify quantum dynamics or the quantum—
classical interface, state-dependent (nonlinear) quantum
mechanics and mean-field semiclassical gravity can pop-
ulate Nent, gravitational-decoherence and collapse models
do so only indirectly, and dilaton or fifth-force models
do not populate it at all, placing their signatures in the
already-covered columns.

The clearest occupant of the corner is nonlinear quan-
tum mechanics. A Hamiltonian that depends on the
state itself, of the kind Weinberg introduced to test quan-
tum mechanics quantitatively [83], generically evolves an
entangled pair differently from any product of its parts,
which is exactly nent 7 0 in free fall; we grade this map-
ping structured, because the mechanism is explicit while
the magnitude is a free parameter. The grade carries
a warning the corner cannot escape: Gisin showed that
Weinberg-type nonlinearity permits superluminal signal-
ing [35], and Polchinski sharpened this into an Einstein—
Podolsky—Rosen-signaling statement for correlated sub-
systems [60], so a nonzero neyt of nonlinear origin would
sit in tension with no-signaling and any theory proposing
one must say how it evades the Gisin—Polchinski con-
straint. This is a genuine dispute the paper reports
rather than resolves: whether a no-signaling nonlinear
dynamics that still produces ey 7 0 exists is open, and
the experiment would bound it either way.

Mean-field semiclassical gravity is the second occu-
pant, and the more interesting because its prediction
is not obviously nonzero. If gravity is sourced by the
expectation value of the stress-energy of the joint state,
as in the Schréodinger—Newton equation [8, 24], then a
nonseparable state sources a field its product would not,
and its free fall can differ — a structured mapping. But
Yang et al. showed that for two gravitationally coupled
macroscopic objects the same equation recovers ordinary
semiclassical motion and does not transfer quantum un-
certainty through the gravitational channel [86], which
points the Schrodinger-Newton signature toward 7sup
and 7giag — the single-body frequency shifts that op-
tomechanical tests target [37, 38] — and possibly away
from nens. Whether the two-species free-fall observable
is one where the mean-field source difference survives, or
one where it cancels as in the two-object case, is a calcu-
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lation the model class of §2 does not settle, and we grade
the Schrodinger—Newton entry structured-to-speculative
accordingly.

Gravitational-decoherence and collapse models occupy
the corner only indirectly, and the distinction matters
for how the corner reads on the wider debate. The
Diési-Penrose and continuous-localization models deco-
here spatial superpositions and internal coherences —
their natural targets are 7g,p, and 1eon — and the under-
ground experiment of Donadi et al. has already ruled out
the parameter-free Didsi—Penrose version by strengthen-
ing the mass-density-smearing bound [26], a result the
collapse audit of this series treats in full. A free-fall-
rate shift specific to a nonseparable state is not their
generic prediction, and we grade the collapse-model map-
ping speculative: it would require a model in which local-
ization acts differentially on the joint mode, which the
sourcing-from-collapse construction of Tilloy and Diési
[75] makes conceivable but does not deliver. The cor-
ner therefore sits beside, not inside, the gravitationally-
induced-entanglement debate. That debate asks whether
gravity can create entanglement — the Bose et al. and
Marletto—Vedral witness [13, 47], the classical-channel
no-go of Kafri, Taylor and Milburn [42], the recent find-
ing that the Didsi—Penrose model does predict such en-
tanglement [79] against Struyve’s demonstration that
some semiclassical theories do not [70], and the minimal-
noise theorem that ties the two together [29]. Our corner
asks the dual question — whether an externally prepared
entangled state falls anomalously — and we develop the
connection between the two in the companion paper of
this series [18]; the mapping between “gravity entangles”
and “entanglement falls” is structured, and neither re-
duces to the other.

The one class the corner rules out as its source is the
one the record is best at catching. Dilaton and fifth-
force couplings vary with atomic composition as A~1/3
and reduce to a few effective charges [22], so they popu-
late n¢1 and ngiag — exactly the columns MICROSCOPE
[77] and the atomic-clock constant-drift search [62] have
driven to 1071'% and below. A violation confined to the
corner, with the other four components null, cannot be a
dilaton; that is the exact sense in which it would be “vis-
ible only to quantum tests,” and it is why the entangled
experiment is not redundant with the far more precise
separable-state missions to come.

The program is then a ladder of discriminations, not
a race to a smaller number. The first rung — a verified
nonseparable two-species state whose differential free fall
is measured at all — already separates the theories that
forbid the measurement from those that merely predict
a null. Each further rung tests a narrower class: pass-
ing 5 x 10~ [34] bounds the strongest nonlinear models,
and approaching the 10712 separable frontier [7] would
make 7jent as constrained as any component of 7. The
equivalence principle has survived a century of tests on
bodies, atoms, clocks, and antimatter, and it will very



likely survive this one. What changes is that “survives”
will finally mean the whole operator, and not the four-
fifths of it that separable states can see.

A Exhaustiveness, pairwise inde-
pendence, and the separable-
state theorem

This appendix fixes the model class of Proposition 1,
proves that the five components of Eq. (1) exhaust it
and are pairwise independent, and proves Theorem 5.1.
The parametrization is chosen so that the components
are the coefficients of a cumulant expansion across the
bipartition A|B; this choice is what makes the decom-
position a basis rather than a redundant list, and it is
where the entangled component acquires the property
the theorem needs.

Definition 1 (The model class). Let each species j €
{A, B} carry a Hilbert space H; = H* QH™, with inter-
nal energy eigenbasis {|n),;} and dimensionless internal-
energy operator € = Hl(gt)/(ijQ). The gravitational
coupling operator 7} on Ha @ Hp is Hermitian and sat-
isfies: (C1) it is polynomial of degree at most two in
{ea,eB}; (C2) its genuinely two-body part contains at
most one factor from each species (linear in the A-B
correlation); and (C3) it is analytic in the external op-
erators (Xj, Pj), with the uniform-field, first-order piece
normalized into the scalar ne. Components are defined
as the coefficients of the cumulant expansion of (1), over
the split A|B: the disconnected (single-body) cumulants
define 11, Ndiag Neoh, Nsup, and the connected two-body cu-
mulant defines Nent .

Lemma 1 (Exhaustiveness). Under Definition 1 the ex-
pansion of (1)), contains exactly the five coefficient fam-
ilies of Eq. (1).

Proof. Write ) = 14 ® 1 +1® g +ap, where 17); is the
reduced single-body coupling on factor j and 745 is the
remainder. By (01)7(03) each 7j; is at most quadratic
in €; and analytic in (X P; ’;); projecting onto the inter-
nal energy eigenbasis splits it into a scalar part (the e-
independent term, common to both species, collected as

Nal), a part diagonal in {|n);} (the coeflicients né?a)g),

and a part off-diagonal in that basis (the coefficients

77((:2;1”)) the residual dependence on (X, Pj) beyond the
normalized first-order term is 7jsyp,. By (C2) the remain-
der 74p is linear in each species’ operators and carries
no single-body marginal (its partial traces are absorbed
into 74, 7p by construction of the cumulant expansion),
so it contributes only the connected coefficient 7ent. No
term of (C1)—(C3) is left unassigned, and no assignment
overlaps; hence the five families exhaust the expansion.
Terms of cubic or higher order in €, or trilinear in the
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correlation, lie outside the class and are excluded by hy-
pothesis, which is the model-class limitation stated in
§2. O

Lemma 2 (An entangled witness with vanishing
marginals). Let each species carry a two-level internal
space with the traceless operator Z; = |1)(1]; — [0)(0];,
and set Nent = HZA ® ZB with all other components
zero. Then (i) both partial traces vanish, Trp flony =
Traflent = 0, so the single-body couplings are unaf-
fected; (zz) on any product state the connected correla-
tion (ZaZp)e = (Za @ Zg) — (Za)(Zp) = 0; and (iii)
on the Bell state |®) = (10)a]0)5 + [1)a|1)B )/\/i it is
(ZaZp)e =

Proof. (1) TrB(ZA X ZB) = ZA TF(ZB) = 0 since ZB is
traceless, and symmetrlcally for Try. (i) On pa ® pps,
(Za® Zp) = (ZA>pA<ZB>pB, so the connected part is
zero. (iii) On |®), (Zy®Zp) = 1 while (Z4) = (Zp) =0,
giving connected value 1. O

Proof of Proposition 1, pairwise independence. It  suf-
fices to exhibit five models in the class of Definition 1,
each with exactly one component nonzero, for then any
pair (X,Y) is separated by the model in which X # 0
and Y = 0 together with the model in which Y # 0 and
X = 0. Take 7} = nql (only nq); 7 = c(ea +ep) with
the trace removed, diagonal in the energy basis (only
naieg): 71 = 95°,(10) (1], + [1)(0],), purely off-diagonal
(only 7con ), which is the switchable spin-in-field coupling
of Orlando et al. [52]; ) = A, (XJQ - (Xf}o), quadratic
in the external coordinate (only 7sp ), the gradient-order
term Seveso and Paris [69] identify as the sole channel
by which quantum probes can violate the principle; and
N = kZA® Zp of Lemma 2 (only Nent). Each lies in the
class and has the stated single nonzero component, so
all ten pairs are independent. O

Proof of Theorem 5.1. Let the initial state be separable,
Po pA ® pp, with the two species possibly in arbi-
trary internal superpositions. The interferometric free
fall acts through the unitary U = exp(—iG) with genera-
tor G = (m;gT?/h) 7j to the order retained, and any mea-
sured probability is p(x) = Tr[UpoUTE,] for a POVM
{E,}. Expanding p(x) in powers of G, every term is a
sum of expectation values, in pg, of products of factors
of 7 and E,. Write 1§ = flsep + £, A, ® B,, where
Nsep = N4 ®14+1®1np collects the four single-body com-
ponents and, by the cumulant definition of Definition 1,
each Aa, B, is traceless on its factor. Because Po factor—
izes, every expectatlon of a strlng containing A & B

factorizes as (-~ A -+ ), -+~ B -+ )y, 50 the parame-
ter kK = Nent enters p(x) only multiplied by disconnected
products of single-body expectation values — quantities
fixed entirely by ps and pp and hence by the single-
body couplings — while the connected two-body corre-
lators that nent genuinely controls vanish on every prod-
uct state (Lemma 2(ii)). In the cumulant parametriza-
tion, where the disconnected contribution is absorbed



into 7giag and nsup, the remaining dependence of p(z)
on 7ent is identically zero on the separable-state mani-
fold. A nonproduct pg, for which some (AyBa)e # 0
(Lemma 2(iii)), is therefore necessary and sufficient for
p(z) to depend on 7eyt. This is the statement that the en-
tangled component enters only through the joint phases
of nonproduct states. O

Remark 1. The theorem is exact within Definition 1 and
inherits its model-class limitation only through the order
of the expansion, not through the separability argument,
which holds to all orders in G: the factorization used is a
property of the product state pg, not of the perturbative
truncation. What the class limits is which operators may
appear as 7, not the conclusion that a separable state
cannot see whichever of them is the connected two-body
one.

B The translation algebra behind
the coverage matrix

Each cell of the audit (Fig. 1, Table 1) is an assignment
of one experiment’s observable to a combination of the
components of Eq. (1), and this appendix derives every
assignment from a single relation. To the order retained
in §2, the interferometric or ballistic phase an experiment
reads is

m; g T?

h
where 1 is the state the apparatus prepares and reads,
so the component combination an experiment constrains
is whichever part of (1), is nonzero for its ¢. The rows
below are grouped by the structure of ¥, not by chronol-
ogy, because it is 1 and not the precision that fixes the
column.

Macroscopic bodies with no prepared internal coher-
For a torsion-balance pair, the MICROSCOPE
proof masses, or the Earth—Moon system, i carries no co-
herently prepared internal degree of freedom, so (7)), =
7« and the observable bounds 7. alone. This is the
assignment for Schlamminger et al. [65], Touboul et al.
[77], Viswanathan et al. [81], Wagner et al. [82], Williams
et al. [85], and it is exact: nothing in the state selects a
component beyond the scalar. Antihydrogen free fall [6]
is the same cell for the CPT-conjugate body, read here
only as the qualitative statement that its 7 is consistent
with attraction.

Two species, each in an internal energy eigenstate. For
a dual-species drop the measured quantity is the differ-
ence ()4 — (M) p, and with each species in an energy
eigenstate (or an incoherent internal mixture) (7); =

N+, pgf ) néﬁfg, the internal populations pg ) weight-
ing the diagonal coefficients. The observable therefore
constrains 7] together with a species-weighted combina-
tion of Ngiag; the off-diagonal 7¢,n does not appear be-

cause no coherence between energy eigenstates is read,

A¢ = (M + (state-independent terms), (3)

ence.
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and neny = 0 because ¥ is a product. This is the cell
for Albers et al. [3], Asenbaum et al. [7], Barrett et al.
[9], Bonnin et al. [12], Fray et al. [32], Schlippert et al.
[66], Zhou et al. [87], and it is why the deepest dual-
species bound, at 1072 [7], deepens the classical and
diagonal columns and no other.

Internal states read as populations. When two internal
states are dropped and compared through populations

rather than a coherence — the boson-versus-fermion
comparison of Tarallo et al. [74] and the spin-orientation
comparison of Duan et al. [27] — the observable is a dif-

ference of diagonal coefficients, bounding 74iae directly
with no 7.n content. The hyperfine cell of Fray et al.
[32] sits here as well.

Internal superposition read as a phase. A coherent su-
perposition (|m)+|n))/v/2 dropped and interfered makes
A¢ sensitive to the off-diagonal matrix element through
My D Re nizln) in addition to the diagonal difference.
The internal-superposition test of Rosi et al. [61] inter-
rogates exactly such a superposition, so we assign it the
combination ngiag +Ncon — but conditionally, and this is
the audit’s one genuinely soft cell: had the gradiometer
read only the relative populations of the returning arms,
Neoh Would drop out and the bound would be purely
Ndiag- Lhe distinction is the “if phases are read” clause
of Proposition 1, and we resolve it in favour of a condi-
tional ncon assignment because the measurement is built
around the coherence, while marking the cell as condi-
tional in Table 1.

Worldline clocks. A clock-redshift comparison reads
the internal-energy dependence of proper time between
two energy states carried along separate worldlines, an
intrinsically diagonal rate: (7)), selects qiag, and no co-
herence between energy eigenstates enters the free-fall-
rate observable. This is the cell for Delva et al. [23], Her-
rmann et al. [39], Takamoto et al. [73], Vessot et al. [80],
and the constant-drift clock search of Safronova et al. [62]
bounds the same column through the dilaton couplings
that would source a diagonal violation [22].

Spatial superposition. The gravitational Aharonov—
Bohm phase of Overstreet et al. [54], and the
gradient-frame technique of Overstreet et al. [53], read
(flsup(X, P))y on a genuine spatial superposition in a
nonuniform field, bounding 7s,,. We grade the assign-
ment structured rather than exact, because Eq. (3) is a
leading-order reading and the cross term between 7gup
and 7aiag is not separated by these measurements.

The three proposals near the corner. Only a non-
product ¢ makes (7)), carry fent, by Theorem 5.1, and
the three literature proposals that reach toward it do
so to different degrees. Geiger and Trupke’s heralded-
photon state (|4, hk; B,0) + €| A,0; B, hk))/V/2 is gen-
uinely nonseparable across the two species, and its dif-
ferential phase reads the connected two-body correlator,
so it is the one proposal whose cell is 7)ot [34] — entered
in the matrix as a projected row. The entanglement-
entropy test of Bose et al. [14] bounds a single common



ratio mg/m; = 1 + & shared by two same-type masses
that gravity itself entangles; in the present basis a com-
mon ratio is a rescaling of 7. (with a diagonal part if
the masses carry internal energy), not the two-species
connected coeflicient, so we place it in the classical col-
umn and not the entangled one, and note that its ob-
servable is entanglement generation by gravity rather
than free fall of a prepared entangled state. Cepollaro
and Giacomini’s entangled clocks [15] use entanglement
as a resource to construct the quantum-reference-frame
transform of one delocalized clock’s proper time; the ob-
servable reduces to the diagonal and coherence content
of a single system, 7giag + Mcoh, and does not carry a
two-species connected correlator, so it too sits outside
the corner. Whether that reduction is exact or leaves a
residual 7ent is not settled by those authors; we mark the
placement structured and flag it as the one prior claim
that a careful reader might contest.

C The seeded computation

The coverage matrix, the bounds landscape, and
the design envelope are produced by one determinis-
tic script, sim_corner.py, whose source and outputs
(sim_corner_output.txt/.json) ship with the paper.
There is no randomness; the seed recorded in the source
(20260919) exists only for the record. The script does
two things with the verified bounds of Section 3.

The coverage matrix

It assigns each published weak-equivalence bound to
the violation-operator component(s) it constrains under
the translation algebra of Appendix B, and records the
best bound in each column: 7, at MICROSCOPE’s
10710715 level, Ndaiag at Asenbaum’s 10712, Neon
at Rosi’s 1077 internal-superposition test, s, at the
gravitational-Aharonov—-Bohm class, and ey empty.
The empty column is the finding of Fig. 1 and Table 1,
and it is not an accident of coverage: the theorem of
Appendix A shows no measurement on separable states
of the two species can populate it.

The entangled-test envelope

For the experiment of Section 5 the script projects the
1o sensitivity of a dual-species entangled interferometer
t0 Nent as Ment = 60/ (ke g T?) with the phase sensitiv-
ity at the standard quantum limit improved by a stated
10 dB of metrological squeezing, o = 10-98/20 /(C/N),
ke = 1.6 x 107 rad m~'. We deliberately do not assume
the idealized Heisenberg 1/N scaling; 10 dB is within
demonstrated ensemble squeezing. Over N = 10*-10°
and T = 0.5-2 s the envelope runs from 1.6 x 10710 to
1.0 x 10712 (Fig. 3), every point far below the Geiger—
Trupke (2018) proposal reach of ~ 1077 that this de-
sign must surpass to reach the empty column, and the
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best case approaching the depth at which the separable
components are already bounded. The projection is an
idealized envelope, not a systematics budget; the leading
systematics (differential AC Stark, gravity gradients) are
treated in Section 5.
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