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Abstract

The replicator equation, the workhorse dynamic of evolutionary game theory, is not a
metaphor imported into economics but a theorem about markets: the institutions a market
runs — how visible rivals’ performance is, how costly switching suppliers is, whether profit
funds growth — fix the revision protocol its participants follow, and the protocol fixes the
population dynamic that results. This paper works that mapping through in full. It unifies
the demand side of market competition, customers switching suppliers, and the supply side,
firms reinvesting profit into capacity, into a single two-channel replicator equation whose
two intensities are separately measurable and can carry opposite signs. It proves a switching-
cost damping result: a market-level selection shadow inside which quality differences smaller
than the cost of switching are invisible to the dynamic. It builds an institutional taxonomy
mapping five observable market dials to predicted, testable share dynamics, industry by
industry, including the surprising result that deeper capital markets can make a market
less evolutionary in one channel while making it more forward-looking in another. And it
reads the industrial-dynamics literature’s long-standing finding of weak measured selection
not as a refutation of the replicator picture but as its damping term, measured.

Keywords: replicator dynamics; evolutionary game theory; imitation; revision protocols; mar-
ket selection; switching costs; Walrasian selection; industrial dynamics.

JEL codes: B52, C73, D21, D83, L11, L.13.

Series: The Evolutionary Economics Papers, No. 2.

1 Introduction

Two markets can look, on the surface, like instances of the same abstraction — profit-seeking
firms competing for customers — and behave nothing alike. A city block of three coffee
shops reshuffles market share within a season: a shop that gets noticeably worse loses walk-in
customers within weeks, and a shop that gets noticeably better gains them just as fast, because
anyone can taste the coffee, tell a friend, and switch tomorrow. A city’s three commercial banks,
or two enterprise-software vendors midway through a five-year contract, do nothing of the kind:
relative quality can diverge for years while market share barely moves, because the customer
relationship sits behind a switching cost, a procurement cycle, or a contract nobody is about
to renegotiate early. Both markets are called “competitive” in every textbook. Only one of



them is running anything that deserves to be called selection. This paper’s claim is that the
difference is not a matter of degree to be waved at with the word “friction” — it is a difference
in which formal dynamical system the market is running, and that system is fixed, term by
term, by observable features of the market’s institutions.

Put as a single sentence: the replicator equation is not a metaphor imported into economics
from biology, but a theorem about markets. Specific, observable market institutions — how
visible rivals’ performance is, how costly switching is, how tightly retained profit funds growth

— implement specific revision protocols, the microscopic rule by which a customer or a firm
updates its choice; revision protocols in turn determine, exactly and not approximately, the
population-level dynamics those choices produce; and the replicator equation is what falls out
when the protocol is imitation. The institutional design of a market therefore decides how
evolutionary that market is, in a sense precise enough to attach a rate to. A companion
paper in this series showed that the accounting identity Price wrote down for population
genetics is, applied to firms, the same partition industrial-organization economists already use
to decompose productivity growth, and treated the resulting selection intensity as a coeflicient
to be measured [101]. That paper never asked what fixes the coefficient’s value. This one does:
it derives the coefficient from a market’s institutions rather than leaving it as a free parameter,
unifies the demand side of competition (customers switching suppliers) and the supply side
(firms reinvesting profit into capacity) in one two-channel replicator, and holds the result up
against what the empirical industrial-dynamics literature has actually measured.

What is not ours

None of the machinery this claim rests on is new, and the paper states its lineage before
spending a page of it. The replicator equation itself is Taylor and Jonker’s [3]. Its imitation
microfoundations are Schlag’s [21] and Bjornerstedt and Weibull’s [22]. The supply-side dy-
namic, in which a firm’s capacity grows through its own reinvested profit, is Downie’s, from a
1958 book industrial economics mostly forgot [48], and Metcalfe’s, who gave it its modern Fish-
erian form [49]. The result that imitation-driven competition in a Cournot oligopoly converges
not to the Cournot—Nash quantity but to the Walrasian one is Vega-Redondo’s [32], sharp-
ened by Schaffer’s finite-population account of why relative-payoff selection can favor spite
over profit [33, 34] and generalized by Alés-Ferrer and Ania [35]. And the framework that
organizes all of the above as instances of one construction — a revision protocol generating a
mean dynamic — is Sandholm’s [10]. “Markets evolve” is not a claim this paper is the first to
make, and the sections that follow credit each piece of the apparatus to the person who built
it, not to the paper that reuses it.

What is ours

What the paper adds, stated as exactly this and no more, is:

(a) a two-channel decomposition of market replication — demand-side switching plus supply-
side reinvestment — into a single replicator equation whose two components carry sep-
arately measurable intensities, so that a firm cheap for customers but unprofitable can
be shown growing through one channel while shrinking through the other (§5);

(b) the switching-cost damping proposition: a formal “selection shadow” inside which quality



differences smaller than the cost of switching are invisible to the market dynamic, with
the damped selection intensity given in closed form (§5);

(c) the institutional taxonomy: a systematic mapping from five observable market institu-
tions to the revision protocols they implement, to the share dynamics those protocols
predict, stated as an industry-level prediction table (§8); and

(d) a reading of the empirical audit, industry by industry, of the “weak selection” findings
the productivity-growth literature has repeatedly reported: not as a refutation of the
replicator picture, but as its damping term, measured (§7).

We do not claim to have discovered that markets select, that imitation produces the repli-
cator equation, or that competitive oligopoly converges on Walrasian behavior. Those results
belong to Schlag, to Bjornerstedt and Weibull, and to Vega-Redondo, and are credited to them
throughout. What a synthesis of this kind can add is a mapping precise enough to be wrong:
given a market’s institutions, a predicted dynamic, and given the dynamic, a testable rate of
share convergence.

Roadmap

Section 2 traces the two histories that arrive independently at the same equation, from May-
nard Smith and Price’s evolutionarily stable strategy through Taylor and Jonker’s dynamics on
one side, and from Alchian through Nelson and Winter to Downie and Metcalfe on the other.
Section 3 states the replicator equation’s defining properties and its exact correspondence to
the Price equation’s selection term. Section 4 derives the replicator from Sandholm’s revision-
protocol framework and tabulates which observable protocol produces which dynamic. Sec-
tion 5 states the two-channel market replicator and the switching-cost damping result, worked
through a numeric example. Section 6 takes up the Walrasian-selection theorem, its spite
mechanism, and its experimental scorecard. Section 7 reads the empirical industrial-dynamics
literature’s selection-intensity estimates against the replicator’s prediction. Section 8 builds
the institutional taxonomy and its industry-level prediction table. Section 9 states four places
the analogy breaks — foresight, increasing returns, innovation, and the unit of selection — and
what replaces the replicator there. Section 10 closes with a measurement program for the two
channel intensities and this paper’s place in the wider series.

2 Two histories of one equation

The replicator equation and the claim that markets select rather than optimize were discovered
twice, by two literatures that did not read each other for the better part of a century. One
history runs through evolutionary biology and game theory and ends with an explicit differ-
ential equation. The other runs through economics and ends, for a long time, with nothing
more formal than an argument. This section tells both, in order, and stops at the point where
a game-theoretic bridge was built between them without quite reaching the empirical ground
either side needed.

A still earlier continuous-time adjustment process anticipated the same mechanic with-
out the evolutionary framing that would later give it its name: Brown and von Neumann’s
1950 differential- equation solution method for zero-sum games moves population mass toward



strategies with a current payoff advantage, and is now read as a direct ancestor of the replica-
tor and population-dynamic apparatus this section traces [30]. The biological history proper
starts with a contest model, not a market. Maynard Smith and Price’s 1973 paper on the logic
of animal conflict introduced the evolutionarily stable strategy: a strategy that, once common,
cannot be invaded by any rare alternative, derived without appeal to any population-level
optimization principle [1]. Maynard Smith’s 1982 book gave the concept its canonical book-
length synthesis, formalizing the population-dynamic, proto-replicator machinery that Taylor
and Jonker would shortly make fully explicit [2]. The concept was static — a condition on
payoffs, not a trajectory — and it took five more years for the dynamics implied by it to be
written down explicitly. Taylor and Jonker’s 1978 paper is the direct mathematical ancestor
of everything that follows: it derives a continuous-time population dynamic under which a
strategy’s frequency grows in proportion to how far its payoff exceeds the population aver-
age, and shows that ESS play is dynamically stable under it [3]. Zeeman reached a closely
related dynamical classification independently and at almost the same moment, working from
the qualitative theory of dynamical systems rather than from Maynard Smith’s game-theoretic
starting point [4], and Bomze gave a complete classification of the resulting two-dimensional
phase portraits and their equivalence to the generalized Lotka—Volterra equation [15]. Schuster
and Sigmund’s 1983 paper gave the resulting family of equations the name it has carried since,
observing that the identical structure recurs across population genetics, ecology, prebiotic
chemistry, and sociobiology [5]. By the early 1980s, in other words, three independent routes
— game-theoretic, dynamical-systems, and biochemical-evolutionary — had converged on the
same equation, which is one reason its later economic reappearance is closer to a rediscovery
than an import.

The following two decades were spent proving what that equation implies rather than find-
ing new forms of it. The connection between the dynamic’s rest points and the game’s Nash
equilibria, and between evolutionary stability and asymptotic stability, was assembled piece
by piece into what the field now treats as settled background — synthesized comprehensively
in Hofbauer and Sigmund’s graduate textbook, restated in their own later survey, and restated
again in Cressman and Tao’s survey after that [6, 7, 13]. Section 3 states that package formally;
here it matters only as the second landmark on the biological side’s timeline. A third devel-
opment complicated the picture rather than completing it: once mutation or experimentation
is added to the deterministic dynamic, the question of which equilibrium survives in the long
run becomes a question about which equilibrium’s basin of attraction is hardest for noise to
escape. Foster and Young gave the concept of stochastic stability that answers this [17], and
Kandori, Mailath, and Rob, together with Young’s independent and near-simultaneous paper
on the evolution of conventions, showed that persistent low-probability experimentation selects
the risk-dominant equilibrium in simple coordination games rather than whichever equilibrium
the deterministic dynamic happens to start near [18, 19]. Samuelson’s book-length treatment
surveys how this same machinery resolves the equilibrium-selection problem across noncoop-
erative games more broadly — drift, noise, and backward and forward induction included —
rather than only in the coordination-game setting Kandori-Mailath-Rob and Young analyze [9].
This machinery — deterministic replicator flow plus a stochastic-stability refinement riding on
top of it — is what Section 6 redeploys to state the paper’s Walrasian-selection result.

That is one history, and it produced an equation before it had any use for one. The eco-
nomics side ran on almost the opposite schedule: it had an argument decades before it had
an equation, and the argument arrived already contested. Veblen’s 1898 essay asking why



economics was not an evolutionary science set the terms half a century early, indicting the
discipline’s static habits of mind and demanding an account of economic life as a cumulative,
non-equilibrium process [41], but the demand sat unanswered until Alchian’s 1950 paper sup-
plied the first mechanism with teeth: firms need not calculate or maximize anything for a
competitive market to behave as though they had, because it is realized profitability after
the fact, not foresight beforehand, that determines which firms survive to be imitated and
which disappear [42]. Enke, writing the following year on the Chamberlin—Robinson distinc-
tion, reached for the same idea from the industrial-organization side, invoking what he called
viability analysis and the forces of natural selection in the economic environment to argue that
survivors behave as maximizers whether or not any of them are [43]. Penrose’s 1952 rejoin-
der is the discipline’s founding objection, not a footnote to it: biological analogies applied to
firms strip out exactly what makes a firm a firm rather than an organism, namely conscious
managerial choice under conditions the manager can partly control, and a selection story with
no intentionality in it is not a theory of the firm [44]. Friedman’s 1953 methodological essay
closed the debate’s first round by making the as-if defense general and explicit — a theory
should be judged by its predictions, and natural selection among market participants makes
the profit-maximization assumption predictively adequate whatever its psychological realism
[45]. Nothing in this exchange was yet a differential equation.

Winter supplied the formal turn the debate had been missing. His 1964 paper on economic
“natural selection” and the theory of the firm built, independently of and close in time to the
Alchian argument, an explicit model of selection acting on firms understood as bearers of deci-
sion rules rather than as optimizing agents in the conventional sense [46]. Nelson and Winter’s
1982 book turned that formal starting point into a research program: organizational routines
are the heritable unit, search and innovation the source of variation, and selection on realized
market performance the mechanism that reweights the population of routines toward the fitter
ones [47]. It is against this program’s mathematical content that the present paper’s own
contribution is properly measured, not against the looser Alchian or Friedman arguments that
preceded it. Dosi and Nelson’s own survey restates the shared variation—selection—retention
methodology this program established as evolutionary economics’ field-defining statement, and
their later synthesis two decades on updates it with the intervening evidence on technological
change and industry dynamics [52, 53].

One contemporaneous strand of this history is easy to miss because it was never widely
read. Downie’s 1958 book The Competitive Process is not digitized anywhere openly reachable
today, and this paper’s own knowledge of it runs through a contemporaneous review rather
than the primary text [48]; that fact is itself part of the point this section is making about
two literatures failing to find each other. What the review confirms is that Downie modeled
competition as operating directly on the dispersion of efficiency between firms, with progress —
not equilibrium — as the theory’s explicit object. The mechanism, on this reading, is a transfer
of resources and market position away from less efficient producers and toward more efficient
ones, driven by the fact that a more efficient firm’s higher profit funds the very expansion
that lets it take share from its rivals. That is a supply-side channel distinct from anything in
the Alchian—Winter imitation story, and it is the direct historical ancestor of the reinvestment
dynamic this paper states formally as part of Proposition 2 in Section 5.

Whether or not the citation trail runs continuously from Downie forward, the mechanism
resurfaces, restated in explicitly Fisherian terms, in Metcalfe’s work three decades later. Met-
calfe’s 1994 paper applies Fisher’s fundamental theorem of natural selection directly to a popu-



lation of competing firms: under replicator share dynamics, the rate of change in an industry’s
mean productivity is driven by the variance in relative fitness — market-share growth — across
its constituent firms, with a chapter of his 1998 book bearing the title “Fisher’s Principle and
the Process of Competition” to make the identification unmistakable [49, 50]. This is the
economics side’s own arrival, independent of the biological literature’s textbook synthesis, at
a population-genetics fundamental theorem applied literally rather than metaphorically to an
economy — and it is the direct precedent for the two-channel formalization this paper builds
in Section 5.

A formalization wave followed, arguing that the analogy Penrose had rejected in 1952 de-
served to be read as an ontology rather than a metaphor. Andersen’s 2004 paper proposes
what he calls “evometrics”: applying the Price equation directly to populations of firms and
industries to partition economic change into a selection component and an innovation compo-
nent [58]. Knudsen’s parallel program argues that economic selection theory should be built
to mirror the causal structure of neo-Darwinian theory — variation, replication or heredity,
and selection — using Alchian’s and Nelson and Winter’s accounts as illustrations of how
organizational and market-level selection interact [59]. Hodgson and Knudsen’s book-length
case for “Darwin’s conjecture” pushes the claim furthest: stripped of their genetic particulars,
Darwinian principles are argued to be the correct general theory of any evolutionary process,
economic change included [55], and the multi-author defense of “generalized Darwinism” an-
swers the standard objection that this is reductionism by insisting variation-selection-retention
is a domain-general causal schema, not a biological one on loan [56]. Safarzynska and van den
Bergh’s survey maps the resulting field’s building blocks — diversity, selection, innovation,
diffusion, path dependency, multilevel selection — across its three main formal traditions of
evolutionary game theory, evolutionary computation, and agent-based modeling [57]. Witt’s
later methodological stock-taking distinguishes the routines-based Nelson—-Winter tradition
from generalized Darwinism as competing internal readings of what “evolutionary” should
mean in this literature [54], and Hodgson’s book-length history of the field surveys its post-
1980 fragmentation across disciplines, arguing generalized Darwinism could supply the unifying
core theory it still lacks [60].

The bridge that finally carried formal evolutionary game theory into economics as a gen-
eral modeling tool, rather than as an argument by analogy, was built by Friedman and by
Mailath, and it is worth stating plainly where it stopped. Friedman’s 1991 paper introduces
evolutionary games as models of repeated, anonymous strategic interaction in which more-fit
actions displace less-fit ones over time, giving economists the fitness functions and compatible-
dynamics apparatus needed to treat market competition itself as a game-dynamic process —
the framing this paper’s title takes at face value [39]. Weibull’s contemporaneous textbook did
the same work in a systematic, teachable form, translating the biological replicator formalism
into the standard apparatus of strategic economic behavior [8]. Mailath’s 1998 survey asks the
pointed question directly: do people play Nash equilibrium, and can evolutionary dynamics
explain which equilibrium gets played when several are available [40]. Both papers are rigor-
ous, and both are theoretical. Neither one, nor the literature they anchored, closed the loop
with the empirical industrial-dynamics program that Section 7 draws on — the firm-growth,
productivity-dispersion, and selection-intensity measurements that by the 1990s already had
decades of their own accumulated evidence, built by economists who were not citing Maynard
Smith, Taylor and Jonker, or Metcalfe at all. Two histories, one equation, and a gap between
the equation’s proof and its measurement that the remaining sections of this paper are written



to close.

3 The replicator equation and what it commits you to

Everything that follows is built on one equation. Let z;(¢) > 0 denote the share of strategy (or
firm) ¢ in a population with ), x; = 1, let m; denote its payoff or profit rate, and let 7 denote
the population’s mean payoff, @ = E4[m;] = >, x;m;. The replicator equation states that each
share grows at a rate equal to its own payoff advantage over that mean:

T, = X (TFi—ﬁ). (1)

Nothing about Equation (1) refers to what any individual is trying to do. It is a statement
about a population, written down as a claim about frequencies, and its usefulness for the
rest of this paper rests on three properties that hold regardless of what m; is taken to mean
substantively — consumer surplus, firm profit, or anything else share-weighted and comparable
across .

The first property is that the simplex is invariant: if 2;(0) > 0 for all 4 and ), 2;(0) = 1,
then x;(t) > 0 and ), z;(t) = 1 for every ¢ thereafter [3, 6]. This is not an added assumption;
it is forced by the equation’s own structure. Summing Equation (1) over i gives ) . i&; =
Yoxim — @y 4 =7 —7 =0, so the total share never drifts off one, and every face of the
simplex on which some x; = 0 is itself invariant, since #; = 0 there — a strategy or firm with
zero share cannot spontaneously reappear under this dynamic. A market-share vector stays a
market-share vector for all time; this is what licenses reading x; or s; as a share throughout
the rest of the paper rather than as an unbounded population count that merely happens to
sum to one at t = 0.

The second property is a family of invariances under transformations of the payoffs that
leave the dynamics themselves, or at least their orbits, unchanged. Because only the difference
m; — 7 enters Equation (1), adding any common term c(x) — a function of the population state
but not of ¢ — to every payoff leaves #; exactly as it was: a uniform shift in profitability that
raises all firms’ margins equally has no effect on how shares move, only a shift that changes
relative standing does. More generally, replicator-type dynamics, imitation dynamics, and
several other adjustment processes can be organized as different projections, or quotients, of
a single underlying family, so that state-dependent rescalings of time and payoff that preserve
relative fitness comparisons preserve the shape of the resulting trajectories even when they
change the speed at which those trajectories are traversed [14]. Both facts matter substantively
later: the two-channel replicator of Section 5 adds two structurally different payoff measures,
consumer surplus and profit, into one dynamic precisely because the equation does not care
about the payoffs’ absolute scale or common level, only about their share-weighted spread.

The third property is the reason the equation is taken seriously as a model of strategic
behavior rather than merely as a bookkeeping device for reweighting frequencies, and it is
stated here as a theorem rather than derived, since its proof is the joint work of several
decades of the literature reviewed in Section 2.

Theorem 3.1 (Folk theorem for the replicator dynamic). Under Equation (1): every interior
rest point is a Nash equilibrium of the underlying game; every Lyapunov-stable rest point is a
Nash equilibrium; every strict Nash equilibrium is asymptotically stable; and every evolution-
arily stable strategy is asymptotically stable.



This is the folk theorem of evolutionary game theory, assembled and proved across the liter-
ature and stated here in the form given by Hofbauer and Sigmund’s synthesis and Cressman
and Tao’s later survey [6, 13|, building on the evolutionarily stable strategy concept of May-
nard Smith and Price [1]. Read carefully, Theorem 3.1 is a set of one-way implications, not
an equivalence, and the direction matters: it tells you that wherever the dynamic settles, or
wherever it is pinned down by strictness, game-theoretic equilibrium is waiting, but it does not
tell you that the dynamic settles anywhere in particular, nor that every Nash equilibrium is a
plausible resting place. A market governed by Equation (1) is not guaranteed to converge; it
is guaranteed that if and where it does converge to an interior point, or is held at a point by
strict best-reply incentives, that point is an equilibrium of the game the payoffs define. That
asymmetry — equilibrium as a possible resting place of a process, not as an assumption about
behavior — is the whole methodological content of treating competition as a replicator system
rather than as an optimization problem solved once and for all. The formalism earning that
status is not a biology-only tool pressed into economic service: Nowak’s wide-ranging synthesis
applies the same replicator-equation machinery across games, language, cancer, and viral dy-
namics [11], and Nowak and Sigmund’s review makes the general point explicit, arguing that
replicator and adaptive dynamics, not optimization algorithms, are the appropriate calculus
wherever selection is frequency-dependent [12].

The equation earns a second, independent justification from an entirely different direction:
it is, to first order, an accounting identity rather than a behavioral model at all. Suppose time
is discretized in steps of length At and each strategy’s relative fitness over a step is defined
as w; = 1+ At(m; — 7), so that a strategy with above-average payoff grows and one with
below-average payoff shrinks in exact proportion to its payoff gap. Then, as Paper No. 1 in
this series establishes, the discrete-time replicator dynamic this generates is not an independent
postulate about market behavior; it is exactly the selection term of the Price equation with
the transmission term set to zero. For any share-weighted characteristic z; carried by strategy
1 — efficiency, quality, whatever the rest of the paper needs it to be —

ARE,[z] = Covy(m;, z;) At + O(At?) (2)

[101]. The change in the population’s mean z is, to leading order in the length of the revision
interval, exactly the share-weighted covariance between payoff and z — Fisher’s fundamental
theorem in the form Price gave it, with no assumption anywhere that any individual chose
z; or is trying to raise it. Equation (2) is why this paper’s later empirical audit in Section 7
can treat published productivity-decomposition covariance terms as direct measurements of
the same object Equation (1) describes, rather than as evidence bearing on it only by loose
analogy: the replicator dynamic and Paper No. 1’s selection accounting are, at this order, the
identical statement about the identical data.

None of this holds exactly once the population in question is finite, and every application
in this paper is, eventually, a finite population of firms. Equation (1) is a continuum limit,
and the limit is not always benign. Traulsen, Claussen, and Hauert show that the microscopic
stochastic dynamics of a finite population can differ qualitatively from — in some regimes
even invert the direction implied by — the deterministic replicator limit that is supposed to
approximate it as population size grows [16]. Nowak, Sasaki, Taylor, and Fudenberg’s finite-
population analysis of cooperation gives the best-known instance of this kind of correction,
the “one-third rule” governing when a rare strategy can invade under weak selection in a
population of a specific finite size — a condition with no counterpart in the infinite-population



dynamic at all [98]. And the discrepancy is not confined to knife-edge invasion conditions:
Schaffer’s finite-population extension of the evolutionarily stable strategy concept shows that
the finite- N analogue of an ESS is generally not the Nash equilibrium of the same game, because
relative-payoff comparisons in a finite population create incentives — Section 6 calls this spite
— that have no effect once the population is large enough for any one player’s action to leave
the mean payoff unmoved [33]. Every market this paper analyzes after this section is finite.
Equation (1) is still the right organizing object for it, for the reasons this section has given,
but the folk theorem’s Nash-equilibrium guarantees, and the finite-population corrections that
qualify them, both travel together into everything that follows.

4 Revision protocols: which markets are replicator markets

Section 3 treated the replicator equation as a dynamical object with a settled pedigree and
a settled folk theorem. It said nothing about when a market should be expected to obey it.
That question has a precise answer, and it is not a question about markets specifically: it
is a question about what a revising agent can see and do when a chance to change strategy
arrives. (author?) [10] organizes the whole family of population dynamics — replicator, best-
response, logit, pairwise-comparison — as instances of a single object, the revision protocol:
a rule p;j(m,x) specifying the rate (or, in discrete time, the probability) at which an agent
currently playing strategy ¢ switches to strategy j, as a function of the payoff vector m and
the current population state x. Different protocols encode different behavioral assumptions —
imitate, best-respond, compare, reinforce — and (author?) [14] show the resulting dynamics
nest inside one quotient/projection framework rather than constituting unrelated formalisms.
The replicator equation is one point in this space, not the whole space. Locating a market in
it is therefore an empirical and institutional question: what do participants observe, and what
do they do with it?

Aggregating a revision protocol over a large population gives its mean dynamic. If a mass
x; of agents currently plays j and each such agent, on receiving a revision opportunity, switches
to 7 at rate pji(7r, x), then the population share x; gains mass xjpj; from every source strategy
J and loses mass to every destination strategy j at rate p;; from its own z;-mass of current
adherents. Summing inflows and subtracting outflows gives Sandholm’s general mean-dynamic

equation:
fCi = Zl’jpﬂ(ﬂ',l‘) — xinij(mx).
J J

This equation is bookkeeping, not behavior: it holds for any revision protocol whatsoever,
including ones with no economic content. All the economic content is in the choice of p. The
question “which markets are replicator markets” is the question of which p a given institution
implements.

Proposition 1 (Imitation microfoundation; 21). Under pairwise proportional imitation: a
revising agent samples one other agent uniformly and switches to their strategy with probability
proportional to the positive part of the payoff difference, p;i; = K [m; —m;]4. The resulting mean
dynamic s exactly

T, = KT (ﬂ'i — ﬁ').

The derivation sketch is short; Appendix A gives it with every step. Sampling “one other
agent uniformly” means the probability that the sampled partner plays j is x;, so the condi-



Revision protocol Resulting dynamic Informational requirement

Pairwise proportional imitation Replicator Observe one rival’s realized payoff
Imitation of success (Bjornerstedt—Weibull)  Replicator (up to speed) Observe payoffs

Best response (Gilboa—Matsui) BR dynamic Know the whole payoff function
Logit / perturbed BR (Blume) Logit dynamic Know payoffs, noisy choice
Pairwise comparison (Smith) Smith dynamic Compare two candidate payoffs

Reinforcement (Borgers—Sarin, Erev—Roth)  Replicator-like in expectation ~Own payoff only

Table 1: Revision protocols and the population dynamics they generate.

tional rule quoted in the proposition combines with the encounter probability to give the full
state-dependent protocol p;j (7, x) = x; k [1j—m;]4, and symmetrically pj; (7, ) = x; K [m—7;] 4.
Substituting both into Sandholm’s general equation, factoring the common x; out of both the
inflow and outflow sums, and applying the elementary identity [a]; —[—a];+ = a to the bracket
difference [m; — m;]4 — [m; — mi]4 collapses the sum over j to >, x;(m; — m;) = m; — 7, leaving
%; = kx;(m; — ) — the replicator equation, up to the constant s that sets the clock speed of
revision. Schlag’s own contribution is prior to this population-level step: he shows the propor-
tional rule is not an arbitrary behavioral postulate but the rule a boundedly rational agent,
drawing sequential bandit-style inferences from a single sampled observation, should actually
use if it wants to avoid ever choosing the worse of two options in expectation [21]. The replica-
tor equation therefore is not merely consistent with individually sensible behavior; on Schlag’s
argument it is what individually sensible behavior aggregates to. Helbing’s earlier stochastic,
master-equation derivation of behavior change through pairwise contact between individuals
reaches a structurally similar imitation dynamic from a physics-style Boltzmann-interaction
model, independently of Schlag’s bandit-inference argument [99].

Two features of Proposition 1 carry directly to the market setting. First, the informational
requirement is minimal: a revising agent needs to observe one rival’s realized payoff, nothing
about the shape of the payoff function, nothing about other rivals, and nothing about why the
rival is doing well. Second, the protocol says nothing distinctively economic — no prices, no
profit-maximization, no market clearing enters the derivation. The replicator equation is what
falls out of any population in which revision means “occasionally look at how someone else is
doing and copy them with a probability that rises in how much better they are doing.” A market
is a replicator market to the extent that its institutions implement, even loosely, that rule:
point-of-sale comparison shopping, franchise-performance benchmarking, review platforms and
word-of-mouth, retained customers watching a competitor’s line move faster, are all instances
of pairwise proportional imitation running on economic strategies (which supplier to patronize,
which technique to adopt) rather than on animal contests.

But proportional imitation is only one cell in Sandholm’s typology, and the other cells
matter because they are the ones a given market’s institutions might implement instead. Ta-
ble 1 lays out the correspondence the rest of the paper leans on: for each revision protocol,
the resulting population dynamic, and what a revising agent must be able to observe for that
protocol to be behaviorally available at all.

The first two rows both deliver the replicator equation, or something asymptotically equiv-
alent to it, from imitation rules that differ in how the comparison is made. (author?) [22]
examine imitation of the population’s currently most successful strategy rather than a single
random sample; this imitation-of-success protocol reproduces the replicator dynamic’s direction
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of motion everywhere but can differ from it in speed, since the rate at which the best strategy
is identified and copied need not equal the rate at which a uniformly sampled comparison
happens to favor it. The remaining rows show what is lost as the informational assumption
is strengthened rather than relaxed. Best response, in the tradition running from (author?)
[27)’s fictitious play through (author?) [26]’s socially stable strategies, requires a revising
agent to know the entire payoff function well enough to compute an optimal reply to the cur-
rent population state — a demand no comparison-shopping consumer and few competing firms
can meet, and the dynamic it generates (a differential inclusion jumping toward the best-reply
correspondence) looks nothing like smooth replicator flow. (author?) [25]’s logit protocol
softens best response with choice noise but keeps the requirement that the whole payoff struc-
ture, not just one rival’s realized outcome, be known. (author?) [29]’s pairwise-comparison
protocol, developed for congestion routing rather than markets, sits between the imitation and
best-response families: it needs a revising agent to evaluate two candidate payoffs directly
rather than merely observe one, which is a heavier requirement than proportional imitation
even though the resulting Smith dynamic shares the replicator’s Nash stationary points. The
ordering across the table is an ordering of what a market’s institutions would have to supply
for each protocol to be live, and it is this ordering that the taxonomy of Section 8 turns into
a testable mapping from observable market structure to predicted dynamics.

The table’s last row is a second, independent route into the replicator family, and it removes
even the modest requirement of observing a rival at all. (author?) [23] show that a Cross-type
stimulus-response reinforcement learner — one who raises the probability of playing a strategy
after it pays off well and lowers it after it pays off badly, using only its own payoff history
and no information whatsoever about rivals — converges, in the continuous-time limit, to the
same replicator dynamic that pairwise imitation produces at the population level. (author?)
[24] show a one-parameter version of this rule tracks observed human play of mixed-strategy
experimental games better than the Nash prediction it is meant to approximate, evidence that
reinforcement of this kind is not a modeling convenience but a realistic description of how
boundedly rational agents actually adjust. (author?) [31] ties the two routes of this section
together formally: reinforcement learning and stochastic fictitious play are both perturbations
of the replicator dynamic and share its local stability properties near mixed equilibria, differ-
ing mainly in how fast they converge. That reinforcement and imitation, two protocols with
essentially disjoint informational requirements — one needs a rival’s payoff and no own history,
the other needs an own history and no rival’s payoff — arrive at the same population-level
equation is the strongest available evidence that the replicator equation is not an artifact of any
one microfoundational story but the generic output of any adjustment process in which some-
thing that worked keeps getting done more. Fudenberg and Levine’s comprehensive treatment
situates results of this kind within a general theory in which equilibrium play emerges as the
long-run outcome of a nonequilibrium learning process rather than as an a priori assumption

— the individual-learning counterpart to the population-level convergence this section has just
derived [20].

That convergence is also what licenses the section’s economic reading. A market does
not need price-taking, profit maximization, or common knowledge of the payoff structure to
generate replicator-like reallocation of market share; it needs only participants who can tell,
in some form, that another option is doing better than their own, and who are more likely to
move toward it the larger that difference is. Where that condition fails — where switching
is costly, where rivals’ outcomes are unobservable, where allocation is decided by negotiated
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contract rather than by revision at all — the replicator equation is not a bad approximation
to the market’s dynamics; it is the wrong equation, and Sections 5 through 8 are about what
replaces it and by how much. The punchline of this section, carried forward through the rest
of the paper: the replicator equation is the dynamic of markets whose participants can see
who is doing well and copy them — nothing more, nothing less.

5 The two-channel market replicator

Section 4 settled which revision protocols generate a replicator law and what a revising agent
needs to know to run one. It left open who, in an actual market, is doing the revising, and
against what payoff. Real markets run at least two such processes at once, on opposite sides of
the same transaction: consumers who compare suppliers and switch, and firms whose capacity
to serve the market expands or contracts with what they can afford to plough back into it.
Nothing in the literatures surveyed so far puts these two processes into one law with separately
measurable rate constants that need not even agree on which firm is winning. Doing exactly
that is this paper’s own contribution.

Proposition 2 (Two-channel market replicator). (a) Demand channel: consumers each at-
tached to one supplier i; each consumer revises at rate v by sampling another consumer and
applying pairwise proportional imitation on consumer surplus u;. Mean dynamic:

$i = vk si(u; — u) = Pp si(u; — ).

(b) Supply channel (Downie—Metcalfe, attributed): firm capacity K; grows by reinvested profit,
K; =rmK; (r the retention/investment rate); with market-clearing shares s; = K;/ > ; K,

$; =rsi(m —T) = Ps si(m; — 7).

(¢) Combined, when consumer surplus and profit are both affine in an underlying efficiency z;
(u; = a+ bz, m; = c+dz; withb,d>0):

5 = B si(zi — 2), B=ppb+ Bsd.

Remark 1. The two channels are separately measurable: fp from customer-flow data (churn
times switching elasticity) and Sg from investment-cashflow sensitivities. They can disagree
in sign — a firm cheap for customers but unprofitable grows through the demand channel
and shrinks through the supply channel, or the reverse — and the combined § that results is
exactly what Paper No. 1’s selection term estimates from realized share and profitability data
[101].

Part (a) is Proposition 1’s mean dynamic (§4) applied to a population of consumers rather
than a population of firms: a revising consumer samples another consumer, learns her realized
surplus, and switches with probability proportional to the positive part of the gap — exactly
Schlag’s proportional-imitation rule [21], run on consumer surplus instead of firm profit. Noth-
ing about the underlying mechanism changes; what changes is only the population doing the
revising and the payoff its members compare. That the two channels below reduce to the iden-
tical mean-dynamic form is not a coincidence requiring separate justification. It is the entire
content of Proposition 1: any population that revises by pairwise proportional imitation on
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some payoff obeys a replicator law in that payoff, whichever population and whichever payoff
it happens to be.

Part (b) is not new, and the paper claims none of it as its own. Downie’s neglected
Competitive Process modeled competition as an engine of internal expansion, in which the
more efficient firm earns more, retains more, and grows its productive capacity faster than
its rivals — a mechanism that requires no consumer to notice or switch anything at all [48],
and whose fuller history Section 2 already gives. Metcalfe made the mechanism exact by
recognizing it as a market-level instance of Fisher’s fundamental theorem of natural selection:
the rate at which a firm’s share of aggregate capacity grows is proportional to the deviation
of its profitability from the population’s mean profitability, which is precisely $; = rs;(m; — 7),
so that the resulting rate of increase of mean profitability across the population is governed by
the profitability variance the population currently carries [49]. His later book-length treatment
extends the same argument into a full account of competition as continuous, variety-generating,
and selecting rather than a state of rest reached and held [50]. What this paper adds to
Downie’s and Metcalfe’s result is not the mechanism but the observation that it is one specific
realization of the same mean-dynamic machinery driving the demand channel, differing only
in which payoff is tracked and which population revises against it — capital owners reinvesting
rather than consumers imitating — and that the two can therefore be measured, and can
disagree, on the same footing.

A three-firm worked example

Consider three firms with market shares s; = 0.40, so = 0.35, s3 = 0.25, consumer surplus
up =9, ug = 7, u3 = 5 (dollars of surplus per unit purchased), and profit rate 7 = 0.08,
mg = 0.12, m3 = 0.06 (return on invested capital). Firm 1 is the customer favorite; firm 2, less
loved, is the best run.

Share-weighted mean surplus is @ = 0.40(9) 4+ 0.35(7) + 0.25(5) = 3.60 + 2.45 + 1.25 = 7.30,
so the demand-channel advantages are u; — u = 1.70, ug — 4 = —0.30, and uz — u = —2.30
(weighted sum 0.40(1.70) + 0.35(—0.30) + 0.25(—2.30) = 0.68 — 0.105 — 0.575 = 0.000, as
it must be for any deviation from a share-weighted mean). Share-weighted mean profit is
7 = 0.40(0.08) + 0.35(0.12) 4 0.25(0.06) = 0.032 + 0.042 + 0.015 = 0.089, so the supply-
channel advantages are m; — 7 = —0.009, 2 — 7 = 0.031, and 73 — 7 = —0.029 (weighted sum
0.40(—0.009) + 0.35(0.031) + 0.25(—0.029) = —0.0036 + 0.01085 — 0.00725 = 0.00000).

The two channels already disagree on firms 1 and 2 exactly as Remark 1 says they can:
firm 1 carries by far the largest demand-channel advantage but a small, slightly negative supply-
channel one, while firm 2 carries a negative demand-channel advantage and by far the largest
supply-channel advantage. Which firm gains share is not obvious from either number alone.

Take fp = 0.10 and Sg = 0.20 per revision period and set At = 1. The demand-channel
share change AsP = Bp s;(u; — 1) is

AsP =0.10(0.40)(1.70) = 0.0680, As? =0.10(0.35)(—0.30) = —0.0105, As? = 0.10(0.25)(—2.30) = —0.057

summing to 0.0680 — 0.0105 — 0.0575 = 0.0000, confirming the demand channel alone only
reallocates share. The supply-channel share change Asf = Bg si(m; —7) is

As? = 0.20(0.40)(—0.009) = —0.00072,
As3 = 0.20(0.35)(0.031) = 0.00217,
As3 = 0.20(0.25)(—0.029) = —0.00145,
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summing to —0.00072 + 0.00217 — 0.00145 = 0.00000. Adding both channels gives the total
one-step share change As; = AsiD + Asf:

As; = 0.0680—0.00072 = 0.06728, Asy = —0.0105+0.00217 = —0.00833, Asz = —0.0575—0.00145 = —0.058

which sums to 0.06728 — 0.00833 — 0.05895 = 0.00000, so the post-revision shares sj = 0.46728,
s = 0.34167, s5 = 0.19105 still sum to 1.00000.

Firm 1, the customer favorite, gains just under 6.7 points of share net, because its demand-
channel advantage dwarfs its tiny profit disadvantage at these rate constants. Firm 2, the
actually most profitable firm, still loses share net — but only 0.83 points, a small number
that is small precisely because the two channels pull in opposite directions rather than because
either channel is weak on its own: firm 2 loses just over one share point through the demand
channel and recovers about a fifth of a point through the supply channel. Firm 3, behind on
both counts, loses the most. Nothing in the mathematics fixes that ranking: raise g relative
to fp — a market with fast internal-finance-driven capacity growth and slow, costly consumer
switching — and firm 2 can gain share outright despite being the firm customers like less. The
two-channel replicator is exactly precise enough, and no more, to turn that comparative-statics
question into an arithmetic one once fp and fg are measured separately.

The demand channel of Proposition 2 assumes every consumer switches the instant a rival
offers even an infinitesimally higher surplus. Real consumers face a cost of switching — a
cancellation fee, a data-export problem, a new interface to learn — and Proposition 3 adds
exactly that friction to the mean dynamic derived above.

Proposition 3 (Switching-cost damping). Add a switching cost ¢ > 0 to the demand channel:
the revising consumer switches only if the sampled alternative’s surplus advantage exceeds c,
with probability k [u; — u; — c]4. Mean dynamic:

5 = ansisj([ui —uj — |y — [uj —u; — cly).
J

For the two-firm case with surplus gap A = uy —ug > 0:
51 =YK $182 [A — ],

so selection stops entirely for A < ¢ (a selection shadow: quality differences smaller than the
switching cost are evolutionarily invisible). With consumer-level match-value heterogeneity, the
damping becomes smooth:

$1 = Bplc) s152 A, Bp(c) = vk Pr[G > ¢,

where G is the difference between two sampled consumers’ idiosyncratic match values for the
two firms. Appendix A gives the first-order derivation.

Corollary 1. Measured selection intensity is an institutional variable: anything that raises c
— contract lock-ins, data non-portability, learning costs — lowers Pp linearly through the tail
probability of the taste-gap distribution.

The kinked law states the sharp case bluntly: below the threshold, not one consumer,
however carefully she is sampled, ever finds it worth switching, and the demand channel goes
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numerically silent even though firm 1 is strictly better for every consumer who samples it. This
is the paper’s central empirical claim in miniature: a quality gap can be real, persistent, and
completely invisible to a switching-cost-weighted market, not because consumers fail to notice
it but because noticing it is not enough to make acting on it worth the cost. Figure 1 plots the
two-firm share path for a fixed surplus advantage A = 0.30 under three regimes side by side:
the undamped replicator, which reaches the better firm’s eventual monopoly at the textbook
logistic rate; the kinked law at a switching cost of ¢ = 0.15 below the gap, which reaches the
same eventual outcome at roughly half the rate; and the kinked law at ¢ = 0.35 > A, where
the share path is flat for as long as the gap and the cost both hold — the selection shadow
made literal, not a slower version of selection but its complete absence.

The kink itself is an artifact of assuming every consumer has identical tastes for the two
firms net of w;. Real consumers differ idiosyncratically in which supplier suits them, and that
heterogeneity smooths the kink into the linear law Sp(c) = vk Pr[G > ¢] of Proposition 3,
plotted for Gaussian and Laplace taste-gap distributions in Figure 2 (§8); Figure 1’s own third
path, at the same ¢ = 0.15 but with Gaussian heterogeneity of spread 7 = 0.2, recovers gradual
selection at the damped intensity rather than the sharp kink. fp(c) is monotone decreasing
in ¢ by construction — Pr[G > (] is a survival function — so raising the switching cost lowers
measured demand-side selection by exactly the fraction of consumer pairs whose idiosyncratic
gap no longer clears the cost, never discontinuously except in the zero-heterogeneity limit
that produces the kink. Klemperer’s original analysis of markets with consumer switching
costs already showed that once any cost of this kind exists, ex ante identical products become
ex post differentiated and current market share becomes a state variable for future profit
[81, 82]; Proposition 3 gives that qualitative claim its selection-dynamics content, and Farrell
and Klemperer’s survey of coordination and lock-in catalogs exactly the institutional levers —
contract terms, data portability, compatibility choices — that set ¢ in practice [83].

Corollary 1 is therefore not a footnote. It says the measured selection intensity of a market
is not a technological constant of that market’s products; it is a policy-sensitive institutional
parameter, and the switching-cost half of it is set largely by contract design, interoperability
rules, and how expensive a market makes it to leave. Section 8’s prediction table and Section 7’s
reading of the weak, damped selection coeflicients recovered from panel regressions both rest on
exactly this mechanism: what looks like weak selection in aggregate data can be, firm by firm,
a fully switched-off channel sitting inside a shadow that no consumer needs to be irrational to
remain in.

6 What evolution selects: the Walrasian surprise

Sections 54 established what a market replicator looks like and how it can be damped; this
section asks a sharper question. Suppose a market really does run on the imitation protocol
of Table 1 — firms copy whoever is currently most profitable, and only rarely experiment with
something else. What does that process actually select for? The naive guess, inherited from the
Alchian—Friedman “as-if” tradition (§2), is that imitation of the successful should converge on
individually profit-maximizing, Cournot—Nash behavior: copy the best performer often enough
and the population should end up doing what a rational optimizer would have done anyway.
This guess is wrong, and the way it is wrong is the paper’s title.
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Figure 1: Two-firm share dynamics with a fixed surplus advantage A = 0.30 for the better
firm. Without switching costs the share follows the logistic replicator path. A switching cost
of ¢ = 0.15 under the kinked law of Proposition 3 halves the effective rate; at ¢ = 0.35 > A
the advantage falls inside the selection shadow and the share never moves. The smoothed law
with Gaussian taste heterogeneity (7 = 0.2) recovers gradual selection at the same ¢ = 0.15,
at the damped intensity Sp(c) = v Pr[G > ¢].

Proposition 4 (Walrasian selection). In a symmetric n-firm Cournot market where firms im-
itate the output of the highest-profit rival and rarely experiment, the unique long-run stochas-
tically stable state is the Walrasian output (price equals marginal cost), not Cournot—Nash

[32-34].

The result is Vega-Redondo’s, and it is worth stating in its own formal terms rather than
only in the compressed language of Proposition 4, because the mechanism lives in the model’s
details [32].

Theorem 6.1 (Vega-Redondo, 1997). Consider n symmetric quantity-setting oligopolists with
common cost function C(-) facing inverse demand P(-). Let the Walrasian output § satisfy

P(ng)¢—C(q) =z P(ng)q—C(q), VYq=0,

i.e. 4 1s the output a firm would choose if it took the market-clearing price as parametrically
given, ignoring its own effect on price — in contrast to a Cournot-Nash firm, which internalizes
that effect. Fach period, each firm independently revises its output with probability p > 0,
imitating whichever output achieved the highest profit in the previous period; independently, with
probability e > 0 each firm instead experiments with an arbitrary output. Let wg = (4,4, ..,q)
denote the monomorphic Walrasian state, and let pu* be the limit, as € — 0, of the unique
invariant distribution of the resulting Markov process. Then p*(wg) = 1.

That is: as experimentation becomes vanishingly rare, all of the process’s long-run proba-
bility mass concentrates on every firm playing the Walrasian output, and none of it survives on
the Cournot—Nash output — even though no firm in the model is a price-taker, the population
is finite, and no firm is maximizing anything beyond “copy whoever made the most money last
period.” The theorem’s force is that it identifies a unique stochastically stable state out of a
continuum of candidates, and that state is competitive rather than oligopolistic.
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The mechanism: spite. The reason imitation overshoots Cournot—Nash and lands on the
Walrasian output is that the imitation protocol of Proposition 1 does not select on the level of
m;; it selects on the sign and magnitude of m; — 7, because a revising firm switches to a rival’s
output with probability proportional to [7; — m;]4. Schaffer showed that maximizing relative
payoff is not the same problem as maximizing absolute payoff whenever one firm’s action affects
a rival’s payoff, and that the finite-population analogue of an ESS is generally spiteful: it favors
any deviation that widens the profit gap in the deviant’s favor, even at a cost to the deviant’s
own absolute profit [33]. In Cournot competition this has a concrete shape. A firm that expands
output beyond the individually optimal (Cournot—Nash) level depresses the market-clearing
price for every firm simultaneously, itself included; a non-strategic, atomistic optimizer would
never do this, because the price externality is a pure cost with no offsetting benefit to the firm
imposing it. But under imitate-the-best-profit revision, what is being selected is not the level
of the deviant’s profit but its profit relative to the rest of the population, and expansion imposes
the price externality on rivals’ unchanged output while the deviant captures a larger physical
share of the shrunken pie. Output expansion undercuts rivals in exactly this relative sense:
it can raise m; — ™ while lowering m; itself. Schaffer’s independent critique of the Friedman
conjecture that market selection favors profit-maximizing firms is the general statement of this
point — once firms have market power, selection can favor strategies that a profit-maximizer
would never choose [34]. Successive rounds of imitation propagate whichever output currently
has the highest relative profit, pushing the common output upward past Cournot—Nash, until
the rent that spiteful expansion was competing away has been driven to zero — which happens
exactly at the Walrasian output, where price equals marginal cost and no further expansion
improves relative standing because there is no markup left to redistribute. Cournot oligopoly
is itself a canonical instance of a potential game, a class within which several revision-protocol
dynamics are known to converge to Nash equilibrium by construction [28], which sharpens why
Proposition 4’s result — convergence to the non-Nash Walrasian point instead — is surprising
rather than a generic feature of the underlying game’s structure.

Generalizing beyond Cournot. Vega-Redondo’s result is stated for a specific class of
models: symmetric firms, a common cost function, and quantity competition in a homogeneous
good. Alés-Ferrer and Ania show the mechanism is not an artifact of that specific setup.
They establish evolutionary stability of price-taking (“act as if negligible”) behavior across the
broader class of symmetric, aggregative games under supermodularity — games in which each
firm’s payoff depends on rivals only through an aggregate statistic of their choices, of which
Cournot oligopoly is one instance among many [35]. The generalization matters for how far
Proposition 4 can travel: it extends the Walrasian-selection result beyond one cost function
and one demand system, but it does not relax the requirements of symmetry or aggregative
structure, and it retains the same imitation-plus-rare-experimentation revision protocol.

The experimental scorecard. Whether real imitating subjects actually reach the Wal-
rasian output, rather than merely tending toward it, is an empirical question with a more qual-
ified answer than the theorem suggests. Huck, Normann, and Oechssler ran Cournot oligopoly
experiments and found that when subjects are shown rivals’ quantities and profits, imitation
of successful behavior does emerge and does push markets toward more competitive, higher-
output, lower-price outcomes than Cournot—Nash predicts — but the convergence is directional,
not exact [37]. Offerman, Potters, and Sonnemans directly compare imitation-based and belief-
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based (Cournot best-response) learning models against oligopoly experimental data and find
that neither model alone organizes the data cleanly; observed behavior sits between the two
protocols’ predictions [38]. Apesteguia, Huck, and Oechssler’s general theory-and-experiment
treatment of imitation traces much of this disagreement to a source Table 1 already flags as
decisive: differing experimental results mostly reflect differing assumptions about what infor-
mation imitating subjects can actually observe about their rivals, not differing behavioral rules
[36]. The honest summary is that imitation experiments confirm the direction of Proposition 4
— imitation pushes oligopoly play toward the competitive outcome — without confirming that
real subjects land cleanly on it, and the gap tracks observability exactly as the taxonomy of
§8 would predict.

Competition computes — and its precise scope. The result earns the paper’s title: a
population of firms, none of them solving for the competitive equilibrium, none of them even
aware that a competitive equilibrium exists, can nonetheless be driven to it by a decentralized
copying rule acting only on relative, realized, already-known performance. No participant is
maximizing toward the Walrasian outcome; the market computes it anyway, as the stochasti-
cally stable rest point of a process whose only inputs are “who is doing best right now” and
“copy them.” But the theorem’s scope is exactly as wide as its hypotheses and no wider. It
requires symmetric firms competing in a genuinely homogeneous good, so that a single market-
clearing price and a single notion of “the” Walrasian output are well defined; it requires the
imitate-the-highest-profit protocol of §4 rather than a belief-based or best-response protocol,
since payoff observability is what lets relative-fitness selection operate at all; and it is a state-
ment about the limit as experimentation becomes rare, not a claim that any fixed, realistic
mutation rate delivers the Walrasian state exactly. Outside that scope — heterogeneous costs,
differentiated products, firms that observe rivals’ strategies but not their profits, or markets
where best-response rather than imitation is the operative protocol — neither the theorem nor
its generalization applies, and §9 and §8 take up what happens there. Within it, the honest
claim is narrow and still striking: competition, implemented as imitation of the successful,
is itself a computational procedure for finding the price-taking outcome, with no optimizing
agent inside it.

7 The empirical audit

Every proposition proved so far is a theorem about a stated dynamical assumption; none of it
guarantees that any real market runs close to the assumption. Equation 1 makes an unusually
sharp prediction once it is divided through by the share it governs: &;/z; = m; — 7, and under
the two-channel combination of Proposition 2(c), $;/s; = 5 (z; — Z). A firm’s share growth
rate should be linear in its fitness measured relative to the population mean, with a slope
equal to the selection intensity $ and no other term. That is not a metaphorical claim; it is
a regression specification, and the industrial-dynamics literature has been estimating exactly
that regression, under names like “Gibrat’s Law violations” and “the growth-productivity link,”
since long before anyone wrote it as a replicator equation [61]. What that literature finds is
neither the theorem’s zero (no selection) nor its textbook unit slope (frictionless selection): it
finds a small, positive, remarkably stable coefficient, sitting inside a total variance of growth
rates that the fitness measure explains only a modest fraction of. A parallel productivity-
decomposition tradition measures the same underlying selection channel through the covariance
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between market share and productivity levels rather than through a growth-rate regression
directly, tracing from Olley and Pakes’s original telecommunications-equipment decomposition
through its extension to aggregate manufacturing reallocation and net entry, its later refinement
to properly attribute entry and exit’s own contribution, and its application to other countries
and periods, including Germany’s post-reunification manufacturing sector and a cross-country
comparison finding the same covariance term markedly larger in the United States than in
Western Europe [66, 68-71].

7.1 Weak but positive: what the coefficient looks like

Dosi, Moschella, Pugliese, and Tamagni’s four-country panel puts a number on the coeffi-
cient directly: correlated-random-effects regressions of firm growth on productivity levels and
changes return elasticities with “a median across sectors of about 0.2 in all the countries”
studied (France, Germany, the UK, and the US), and the regressors carrying that coefficient
account for only “1/5 to 1/6 of the variance in firms’ growth rates” once sector and firm het-
erogeneity are partialled out [64]. Bottazzi, Dosi, Jacoby, Secchi, and Tamagni’s Italian and
French panels sharpen the same picture at the sector level: in their worked example (sector
151), a model explaining 21.85 percent of total growth-rate variance attributes less than 5
percent of that explained variance to productivity, which works out to roughly 1 percent of
the total variance in growth rates, and they report the productivity contribution as “typically
below 5% and most often below 3%” across sectors, with profitability doing somewhat better
at “about 5%” [65]. Read against $;/s; = 3(z; — z), this is the honest empirical content of the
replicator hypothesis for real industries: the sign is right, the coefficient is detectably positive
and reasonably stable across countries and time, and it is nowhere near the coefficient a fric-
tionless, fully observable, costlessly imitated market would produce. Selection is working. It
is working at a small fraction of its textbook intensity.

7.2 Selection on profit, not on physical efficiency

Foster, Haltiwanger, and Syverson’s plant-level decomposition adds a qualification the growth
regressions alone do not show: the fitness the market actually selects on is closer to 7; than to
physical efficiency. Using output quantities rather than only revenue, they find more dispersion
in physical total factor productivity than in the revenue-based measure that approximates
profitability—standard deviations of 0.26 log points for physical TFP versus 0.22 for revenue
TFP and 0.21 for the traditional (undecomposed) TFP measure, on a sample of 17,699 plant-
years—yet survival tracks the profitability side: “a one standard deviation increase in demand
shocks accounts for a decrease in the likelihood of exit that is 3 to 4 times larger than the
decrease in the likelihood of exit from a one standard deviation in physical productivity”
[67]. Plants exit or survive by what they earn, not directly by what they physically produce
per unit of input. This is precisely the case Proposition 2(c)’s affine-in-z assumption sets
aside for tractability: it posits u; and 7; both increasing in one underlying efficiency z;, but
a plant can be physically inefficient and commercially protected (a favorable local demand
shock, a differentiated variety) or physically excellent and commercially exposed. Where the
two diverge, the market replicates on m;, and a regression that measures selection against
physical efficiency alone will understate 5 for reasons that have nothing to do with switching
costs or observability—it has mismeasured the fitness variable, not failed to find selection. The
dispersion this decomposition works with is not particular to one dataset or period: Syverson’s
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broader survey of within- and across-producer productivity differences finds large, persistent
gaps to be a pervasive feature of measured productivity data generally [73], and his own earlier
study of US manufacturing attributes part of that persistence, even within narrowly defined
four-digit industries, to demand-side product substitutability rather than technology alone—a
further reason apparent selection can look weak without the underlying market having stopped
selecting on anything [72].

7.3 A weakening gradient

Decker, Haltiwanger, Jarmin, and Miranda’s later work turns the same regression into a time
series and finds the coefficient itself declining. Comparing the 1990s to the post-2000 period,
they report that “the marginal responsiveness of employment growth to business-level produc-
tivity has weakened,” with the post-2000 responsiveness for young high-tech firms running
“only about half (in manufacturing) to two thirds (economy wide) of the peak in the 1990s”
[75]. Read through this paper’s mapping, that is a direct statement about 3: not a claim
that fitness variance shrank—the dispersion of the shocks hitting individual businesses did
not fall over the same window—but a claim that the rate at which share responds to a unit
of fitness advantage fell, by roughly a third to a half, in one generation. The productivity
consequence is not academic: the same study estimates that the elevated responsiveness of
the 1980s and 1990s contributed “as much as half a log point” of annual industry-level TFP
growth in high-tech manufacturing by the mid-1990s, and that its subsequent decline cost “as
much as a two-log-point drag” on annual industry TFP by 2010 [75]. A market can carry
exactly the fitness dispersion a replicator needs and still replicate more slowly than it once did,
if something in its revision protocol—observability, switching cost, the reinvestment coupling
of §5—has changed. The measured [ is not a constant of nature; this is an economy-scale
instance of the damping this paper’s own Proposition 3 predicts should be possible. A com-
panion strand of the same literature documents a parallel decline on the entry margin itself:
Decker, Haltiwanger, Jarmin, and Miranda separately find the US business startup rate and
the share of employment at young, dynamic firms have both fallen for decades, evidence that
the entry-driven component of the economy’s overall selection pressure has weakened alongside
the responsiveness component this section has just measured [74].

7.4 Heavy tails: lumpy revision, not smooth flow

A second, independent line of evidence concerns not the mean of the growth-rate-versus-fitness
relationship but its distribution. If revision opportunities arrived as a dense stream of small,
independent events—the continuous-time idealization behind Equation 1 and Proposition 1’s
mean dynamic—the central limit theorem would push realized growth rates toward something
close to Gaussian around the deterministic path. That is not what plant- and firm-level data
show. Stanley et al., using the full population of publicly traded US manufacturing firms
from 1975 to 1991, find that “the distribution of annual (logarithmic) growth rates has an
exponential form,” with the width of the distribution shrinking as sales grow according to a
power law with an exponent of approximately —0.2 across several size measures [62]. Bottazzi
and Secchi confirm the same tent-shaped, Laplace rather than Gaussian, growth-rate law on
independently disaggregated data, and build a model in which each firm’s ability to exploit
new opportunities compounds on the opportunities it has already exploited [63]. The size
distribution these growth-rate laws generate is itself a well-documented power law close to the
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Zipf case, exponent near one, in the full population of US firms [92], and Gabaix’s survey of
power-law regularities in economics and finance situates that finding within the broader class
of proportional random-growth mechanisms known to generate it [93]. A Laplace distribution
has exponential rather than Gaussian tails: big jumps are far more common, relative to the
bulk of small changes, than a smooth aggregation of many independent micro-revisions would
produce. That is consistent with the revision events that actually move a firm’s share being
lumpy and occasional—an acquisition, a plant closing, a large contract won or lost—rather
than the continuum of small pairwise imitation events Proposition 1’s mean-field derivation
idealizes, and it is a second, distribution-shaped reason the same panels return small average
coefficients: a regression run on annual growth rates is averaging mostly-quiet years against a
minority of years carrying most of the actual selection.

7.5 The diffusion evidence: Griliches’s logistic as replicator

The oldest quantitative study in this tradition already is a two-strategy replicator estimated
before the word existed. Griliches modeled the state-by-state adoption of hybrid corn seed
in the United States as a logistic, S-shaped curve over time [77]; the per-state parameters he
fit are not recoverable from the surviving accessible record, but the functional form is exactly
what Equation 1 predicts for two strategies with a constant fitness gap. Let x be the adopting
share and 1 — x the non-adopting share, with m; — w2 = r constant:

t=x(m —7)=z(1l —x)(m —m2) =rz(l —x),

which is the logistic equation, whose solution is the logistic diffusion curve. A constant yield
and profit advantage for hybrid over open-pollinated seed, combined with farmers who observe
and copy their better-performing neighbors—pairwise proportional imitation in an agricultural
setting—is sufficient to generate the S-curve Griliches measured; the state-by-state differences
in timing and steepness he documented are, on this reading, differences in r and in the rate
at which farmers sampled and copied one another, not evidence against a replicator process.
Bass’s diffusion model, fit to eleven consumer durable goods with separate coefficients for in-
novation (adoption independent of others) and imitation (adoption driven by prior adopters),
generalizes the same S-curve family to settings where an external adoption pressure augments
the peer-copying term [78]. Rogers’s canonical synthesis of diffusion-of-innovation theory—
adopter categories, the S-shaped diffusion curve, communication- channel effects—is the field’s
standard reference point for the same shape of result, and it complements rather than com-
petes with the Griliches and Bass curves just discussed [91]. Young formally decomposes the
mechanisms that can produce an S-curve—contagion, social influence, and social learning—and
re-examines the historical hybrid-corn adoption data directly, showing more than one of these
mechanisms is consistent with the same aggregate curve [79]. Silverberg, Dosi, and Orsenigo’s
disequilibrium simulation model shows the same quasi-logistic diffusion and shifting market
shares emerging directly from population dynamics among diverse, boundedly rational firms,
an explicit replicator-style treatment of diffusion built independently of the Griliches—Bass tra-
dition [51]. Geroski’s survey of the wider technology- diffusion literature classifies the field into
epidemic, probit, density-dependence, and information-cascade families, each generating the
same qualitative S-shape from a different microfoundation [80]. Only the epidemic/contagion
family is a replicator process in this paper’s sense—Bass’s imitation term and Griliches’s peer-
adoption channel belong to it; the probit family (adoption triggered independently once a
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threshold is crossed) and pure information cascades do not require anyone to copy a better-
paid neighbor at all. The S-curve is common evidence for a family of mechanisms of which the
replicator is one well-fitting member, not proof of it alone.

7.6 Verdict

Put the pieces together and they tell one consistent story rather than four separate ones. The
sign of the growth-versus-fitness relationship is right everywhere it has been measured; its mag-
nitude is a small fraction of the textbook value; the fraction is smaller still when the fitness
variable used is physical efficiency rather than profit, because profit and not physical efficiency
is what survival actually tracks; the fraction has been shrinking further over the last three
decades in the country with the best data to measure it; and the growth-rate distributions
surrounding that small mean coefficient are heavy-tailed in exactly the way lumpy, occasional
revision rather than smooth continuous imitation would produce. None of this is the replicator
failing an empirical test. It is the replicator succeeding at a damped intensity, and the same
damping this paper’s Proposition 3 derives from an institutional switching cost is a mechanism
these results are independently consistent with, coefficient by coefficient. A different empiri-
cal route arrives at a comparable-magnitude shortfall from the frictionless benchmark: Hsieh
and Klenow’s cross-country misallocation accounting finds that reallocating capital and labor
toward marginal-product equality in China and India, to the efficiency observed in US data,
would raise aggregate manufacturing TFP substantially, the same qualitative gap this section’s
coefficients are measuring industry by industry through a growth-rate lens instead [76]. The
verdict this audit supports is the one stated at the outset of this program: the market is a
replicator system running at a small fraction of its textbook selection intensity, and the damp-
ing is measurable institution by institution. It is also exactly the selection term the companion
paper in this series audits from the demand side, using plant-level dispersion and reallocation
evidence rather than growth-rate regressions [101]: the same small, real, institution-dependent
B turns up under both lenses. Appendix C’s simulation makes the point precisely rather than
suggestively: regressing growth rate on relative fitness recovers a pure replicator’s 8 to within
a few percent, recovers a damped fraction close to the true attenuation once a Proposition 3
switching cost is imposed, and returns a coefficient statistically indistinguishable from zero,
at several times the standard error, once realistic Laplace-tailed noise alone is added with no
selection at all (Figure 3). The small, noisy, positive coefficients this section has surveyed
across four decades of industrial-dynamics research are what a damped replicator running in-
side heavy-tailed noise is supposed to produce. They are not, on inspection, a case against the
replicator; they are a measurement of how much of it survives the institutions real markets
actually have.

8 The institutional taxonomy

The preceding sections derived one dynamic from one protocol under one channel structure:
imitate on realized payoff, and the population moves according to the replicator equation,
on the demand side or the supply side or both. Real markets differ in which protocol their
participants actually run, and by how much. This section states five institutional dials —
observable features of a market that a regulator, a market-research analyst, or a competitor
could name without reference to any of this paper’s mathematics — and maps each one to
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the formal object, already introduced, that it sets. The result is a systematic route from a
market’s institutions to a prediction about its share dynamics, stated precisely enough that
the prediction can fail.

Five dials

Dial 1: payoff observability. The question is whether a revising consumer or firm can
see who is doing well. Table 1 in §4 makes the dial formal: if participants observe a rival’s
realized payoff and nothing more, the available protocols are imitative — pairwise proportional
imitation [21] or imitation of success [22] — and the resulting dynamic is the replicator, exactly
or up to a speed factor. If participants instead know the whole payoff function and can compute
a best response, the protocol shifts to the belief-based family: best response [26] or its noisy,
logit-perturbed cousin [25], and the resulting dynamic is the best-response or logit dynamic,
not the replicator, with qualitatively different convergence behavior (jumps to a best response
rather than gradual reweighting). Markets built around visible, comparable public signals
of quality — reviews, published prices, foot traffic — sit on the imitative end of this dial;
markets in which quality is privately negotiated and rivals’ terms are confidential sit on the
belief-based end, to whatever extent belief formation is possible at all under Sandholm’s general
revision-protocol accounting [10]. Management practice is one plausible candidate for the trait
a revising firm would need to observe on this dial: the World Management Survey methodology
shows measured management quality varies widely across firms and countries and correlates
with productivity, profitability, and survival, which is what makes it a heritable, selectable
trait in the first place [88], and randomized and natural-experiment evidence finds the trait
itself transferable across firms through targeted consulting and training interventions [89, 90].

Dial 2: switching cost and lock-in. Proposition 3 makes this dial formal directly:
a switching cost ¢ damps the demand-side intensity from fp to fp(c) = vk Pr[G > ], the
fraction of consumer pairs whose idiosyncratic taste gap exceeds the cost. Figure 2 plots
this damping ratio against ¢ for two taste-gap distributions; in both cases a switching cost
on the order of one standard deviation of match-value dispersion removes roughly half the
demand-side selection intensity the market would otherwise carry. Contractual lock-in, data
non-portability, and firm-imposed loyalty structures are the direct economic content of ¢ in this
dial, and the literature that measures them — Klemperer’s switching-cost equilibria [81, 82]
and Farrell and Klemperer’s survey of coordination and lock-in [83] — is where an applied
estimate of ¢, and hence of the damping this paper’s Proposition 3 predicts, would have to
start.

Dial 3: payoff externalities. When a participant’s payoff depends not only on its own
strategy but on the population’s current composition — network effects, in the language of
that literature — fitness becomes frequency-dependent, 7;(x) rather than a fixed ;. The repli-
cator’s functional form survives this substitution unchanged, #; = z; (m;(z) — 7(x)), but its
qualitative behavior does not: frequency-dependent payoffs of this kind routinely generate mul-
tiple evolutionarily stable states and history-dependent lock-in onto one of them, exactly the
mechanism Katz and Shapiro and Arthur formalized for standards competition and increasing-
returns adoption [84, 85], with the applied strategy literature built on top of it [83, 86]. This
paper does not develop the multiple-equilibrium case; it is the subject of a later paper in this
series, and dial 3 is flagged here only to locate where that territory begins.

Dial 4: reinvestment coupling. This is the taxonomy’s surprising dial, and it earns its
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own paragraph because the intuitive prediction is wrong. The supply-side channel of Propo-
sition 2(b) sets K; = rmK;: capacity grows in proportion to reinvested profit, so fg is large
exactly when a firm’s own realized profit is the thing financing its own growth — Downie’s
and Metcalfe’s mechanism [48-50]. The intuitive guess is that deeper, more developed capital
markets make this channel stronger, by giving good firms more ways to raise money. The mech-
anism runs the other way. Once external finance is frictionless and forward-looking, a firm’s
growth is financed against its expected future profitability, assessed by lenders and investors
who do not need to wait for retained earnings to accumulate — exactly the entry and investment
margin that Hopenhayn’s, Jovanovic’s, and Ericson and Pakes’s industry-dynamics models put
at the center of firm growth [95-97], and that Luttmer’s calibration credits with roughly half
of aggregate output growth once selection and entrant imitation are both accounted for [94].
When financing decouples from current realized profit in this way, Sg shrinks toward zero: a
firm can grow while 7; is negative, or fail to grow while 7; is high, because the capital market is
pricing tomorrow’s profit rather than metering today’s. The paradox is exactly this: financial
development can make a market less evolutionary in the backward-looking, Downie-Metcalfe
sense of the word, while making it simultaneously more forward-looking, in the Schumpeterian
sense of entry and investment tracking expected rather than realized fitness. A market with
a shallow banking sector and internally financed firms is, on this dial alone, the more literal
replicator; a market with deep venture and public capital markets is not, even though it may
reallocate capital toward good ideas faster by an entirely different, non-replicator route.

Dial 5: match heterogeneity. The dispersion of idiosyncratic consumer-firm taste, the
density g behind the symmetric gap G in Proposition 3, does two things at once: it sets the tail
probability Pr[G > ¢| that determines how much of the demand-side intensity a given switching
cost damps, and, independently of any switching cost at all, it sets a ceiling on how much share
the objectively best product can win, because consumers with a strong enough idiosyncratic
taste for a worse alternative will not switch even absent any cost to doing so. A market in
which taste is nearly homogeneous behaves close to the two-firm limit of Proposition 3, winner-
take-most; a market with wide match-value dispersion caps every firm’s achievable share well
short of one, and can sustain persistent multi-firm coexistence with no appeal to product
differentiation on the supply side at all. Kirman’s model of ant-like recruitment between two
objectively identical food sources is the cleanest illustration of what this dial looks like at
its limit of zero underlying quality gap: pure imitation dynamics still generate switching and
herding, but with no fitness content whatsoever, a case the taxonomy’s other four dials must
be read against as a floor rather than a signal [100].

A prediction table

Table 2 states, for a small set of recognizable market types, where the five dials plausibly
locate them and what that location predicts about the statistical signature of their share
dynamics. The table is deliberately built out of testable claims about the autocorrelation and
fitness-sensitivity of share changes, not assertions of established fact: no claim in it has been
estimated in this paper, and each row is falsifiable independently of the others.

Measurement recipes

Two of the taxonomy’s objects, fp and (g, are not just theoretical placeholders; each has a
natural empirical recipe, though neither has, to our knowledge, been estimated in exactly this
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Market type

Dominant dial set-
ting

Predicted posi-
tion

Testable signature (hedged)

Franchised food

service

Retail chains
(grocery, ap-
parel)

Consumer apps
with portable ac-
counts

high  observability;
low ¢ (dial 1, 2)

high  observability;
low ¢ (dial 1, 2)

high  observability;
near-zero c¢; but net-
work  externalities

present (dial 1, 2, 3)

most
like

replicator-

near-replicator;
fastest  conver-
gence

replicator-like on
average, punctu-
ated

share changes should corre-
late with lagged relative qual-
ity/price measures, with little
unexplained autocorrelation left
over

quarterly share changes should
track relative price and assort-
ment fitness with a stable, es-
timable B across periods

share gains should be fitness-
sensitive in the typical period
but exhibit occasional large
discontinuous jumps consistent
with tipping, not pure smooth
reallocation

Enterprise soft- low pre-contract ob- least replicator- share changes should show weak

ware (multi-year servability; high ¢; like correlation with contemporane-

contracts) often auction alloca- ous fitness and instead cluster at
tion (dial 1, 2) contract-renewal dates

Banking  rela- high ¢; low match least replicator- share changes attributable to

tionships (retail, heterogeneity  rel- like switching should be rare, and,

commercial) ative to switching conditional on occurring, insen-

friction (dial 2, 5) sitive in size to small fitness gaps

— a detectable selection shadow

Aerospace and discrete auction allo- least replicator- market share should move al-

defense procure- cation; very low revi- like most only at contract-award

ment sion frequency (dial dates, with near-zero correla-

1, 2) tion between interim perfor-

mance and interim share

Table 2: Predicted position on the replicator-likeness spectrum for six market types, read off
the five institutional dials. Each cell states a hedged, testable claim about the autocorrelation
or fitness-sensitivity of measured share changes, not a documented finding.

form, and both recipes are stated here as proposals rather than as reports of existing estimates.

The demand-side recipe follows directly from Proposition 3’s construction. p is a rate at
which consumers who sample a better alternative actually switch to it; its observable compo-
nents are a churn rate (how often consumers revise at all, the empirical counterpart of ) and
a switching elasticity (how much of a realized surplus advantage a revising consumer requires
before switching, the empirical counterpart of x and, once a cost is present, of Pr[G > ¢] itself).
The natural design pairs a consumer panel that records both realized supplier choice and a
measure of relative surplus (price, quality rating, or a revealed-preference proxy) with a source
of variation in the switching cost itself — a regulatory change that lowers ¢ directly, such
as number portability or data-portability mandates, of the kind the switching-cost literature
treats as its central comparative static [81-83]. Estimating churn’s sensitivity to relative sur-
plus before and after such a change recovers fp(c) at two points on Figure 2’s curve directly,
and a specification that nets out imitation-without-a-fitness-gradient, in the spirit of Kirman’s
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Figure 2: The damping factor of Proposition 3, fp(c)/Ap(0) = 2Pr[G > ¢], as a function of the
switching cost measured in units of the taste dispersion 7. G is the difference of two independent
match values. Heavier-tailed taste heterogeneity (Laplace) preserves more selection at high
switching costs because more consumer pairs sit far apart; under either distribution a switching
cost equal to one standard deviation of taste removes roughly half of the demand-side selection
intensity.

ant model [100], guards against attributing pure herding to selection.

The supply-side recipe is the investment-cashflow analogue: (g is the sensitivity of a firm’s
capacity or capital growth to its own lagged profit rate, holding the market-clearing share
definition of Proposition 2(b) fixed. Where Downie’s and Metcalfe’s mechanism is operative,
this regression coefficient is fg, directly [48, 49]; where dial 4’s paradox is operative, the same
regression, run on firms with ready access to external, forward-looking finance, should recover
a coefficient attenuated toward zero relative to internally financed firms in the same industry,
holding profitability dispersion fixed. Firm-level panels of the kind the industrial-dynamics
literature already builds for productivity and growth regressions [64, 67] are the right shape of
data for this recipe; what they do not yet report is the split, by financing regime, that dial 4
predicts should matter.

Both recipes feed the same downstream object. Once Sp and fg are separately estimated,
Proposition 2(c)’s combined intensity 8 = fpb + fsd is exactly the selection-term coefficient
this paper’s companion treats as an estimated, market-structure-dependent input to its own
accounting identity [101] — which is where §10 picks the thread back up.

9 Where the analogy breaks

Sections 5-8 treated the replicator equation as a dial-adjustable description of market com-
petition: strong where payoffs are observable and switching is cheap, damped where they
are not, but everywhere still recognizably the same dynamic underneath. That treatment
has limits that damping does not describe, because damping weakens a coefficient while leav-
ing the equation’s structure intact, and four features of real competition instead violate a
structural assumption the equation makes outright. Each is stated here as precisely as the
honest-positioning commitment of §1 requires: what fails, who showed it, and what has to
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replace the replicator once it does.

Foresight. The replicator’s growth rate &; = z;(m; — ) is a function of currently realized
payoffs alone; nothing on the right-hand side depends on any belief about 7; or 7 at a future
date. This is not an approximation the equation makes for convenience — it is definitional of
a backward-looking revision protocol, inherited directly from Proposition 1’s mean dynamic,
in which a firm’s propensity to be imitated depends on last period’s profit and nothing else.
Real entry, exit, and investment decisions are not backward-looking in this sense: a firm enters,
expands capacity, or exits by comparing an expected discounted value of continuing against
a cost, under uncertainty about a payoff it has not yet realized. Hopenhayn’s stationary-
equilibrium model of entry and exit makes the exit margin an explicit function of a firm’s
expected continuation value given its current productivity draw and the distribution of future
shocks, not of its realized share of current industry profit [95]. Jovanovic’s selection model
has firms learning their own efficiency through a Bayesian updating process on noisy signals
and expanding or exiting according to the posterior expected value of continuing to operate —
a forward, belief-based calculation with no counterpart in a fitness-proportional share update
[96]. Ericson and Pakes generalize both into a Markov-perfect framework in which entry,
exit, and investment are jointly the solution to a dynamic program over an anticipated future
industry state [97]. What replaces the replicator here is not a modification of its coefficients
but a different object entirely: a value-function-based decision rule, in which the state variable
driving a firm’s growth is an expectation, not a realized relative payoff. A related countervailing
case sits on the incumbent-pricing side of the same foresight problem: contestable-markets
theory shows the mere threat of entry, rather than the realized turnover a replicator dynamic
tracks, can discipline incumbent behavior and produce competitive-looking outcomes with no
selection-through-turnover mechanism operating at all [87].

Increasing returns. Proposition 2(c) already allows fitness to depend on the population
state through an underlying efficiency z;, so ordinary frequency dependence is not itself a break.
What fails is a stronger structure: when a firm’s payoff rises in its own share — when being
bigger is directly what makes a product more attractive, as under network externalities — the
resulting dynamical system can acquire multiple stable states whose basins of attraction depend
on where the population starts, not on which firm has the higher fitness. The folk-theorem
package of §3 says stable rest points are Nash and ESS are asymptotically stable; it says
nothing about which of several such stable states a given trajectory reaches, and with strong
enough positive feedback that choice is no longer a fitness ranking at all but a path-dependent,
near-permanent accident of history. Arthur’s model of competing technologies under increasing
returns to adoption shows market share evolving as a non-ergodic, history-dependent stochastic
process — formally a generalized urn scheme, not a deterministic fitness gradient — in which early,
arbitrarily small events can tip the market onto a technology that need not be the more efficient
one, and the tip is irreversible [85]. Katz and Shapiro’s model of network externalities and
compatibility shows the same structure from the demand side: multiple equilibria, potential
lock-in to an incompatible or inferior standard, and a strategic compatibility game layered on
top of what looks superficially like ordinary competition [84]. What replaces the replicator’s
global, fitness-driven convergence is a non-ergodic, path-dependent stochastic process together
with the compatibility /coordination game theory needed to analyze which of several lock-ins
occurs — a question of history and strategic standard-setting, not of relative efficiency. This
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break also marks the bridge to the territory of Paper No. 7, noted only in passing here.

Innovation. The replicator equation &; = z;(m; — 7) is defined over a fixed, finite index set
i=1,...,n: it can only reweight the shares of strategies that already exist in the population.
There is no term on its right-hand side capable of introducing a genuinely new strategy n + 1
with positive share where there was none before — selection, in this equation, is pure reallocation
among incumbents, never creation. Page and Nowak’s unification of replicator, adaptive, and
mutator dynamics into a common quotient framework is the formal statement of what must
be added to escape this limit: a mutation or innovation term that continuously feeds a small,
non-fitness-driven inflow of probability mass onto strategies with zero current share, turning
the pure replicator into a replicator-mutator process capable of genuine novelty rather than
only reallocation [14]. What this means for the market analogy is that everything in §5-§6
describes how an existing set of products, technologies, or firms gets reweighted by competition;
it says nothing about where a new product, technology, or firm comes from in the first place.
Working out the replicator-mutator extension for markets — how R&D, entrepreneurial entry,
and product innovation inject new strategies into the simplex the replicator otherwise only
reallocates within — is Paper No. 3’s subject, not this one’s.

The unit problem. Propositions 1-4 all presume a population of atomic, comparably scaled
units, each indexed by a single i, each carrying one payoff m; and one share x; or s; in one
simplex. A multi-product firm or a conglomerate does not fit this indexing. A single legal
firm competes simultaneously in several distinct product markets, each with its own rivals, its
own demand conditions, and its own local m and 7; the firm’s aggregate “market share” is a
composite of shares in markets that need not move together at all — a conglomerate can be
gaining share in one line while losing it in another, with no single well-defined trajectory x;(t)
that represents “the firm.” Applying the two-channel replicator of §5 to such a firm requires
deciding, prior to any measurement, what the unit ¢ actually is, and the propositions themselves
are silent on the question because they take the indexing as given. Paper No. 1’s selection-
accounting framework confronts an equivalent version of this problem in its own terms, and
resolves it not by insisting the firm itself is the replicating unit but by locating the unit of
inheritance-like continuity in the routine — the standard operating procedure, pricing rule, or
organizational competence that persists, gets copied across divisions, and diffuses across firms
independently of any single firm’s survival [101]. This is Nelson and Winter’s original move:
routines, not firms, are the bearers of heritable continuity, while the firm is the interactor that
competes for share and is selected on the profitability its routines jointly generate [47]. Hodgson
and Knudsen generalize the replicator /interactor distinction into a full ontology for exactly this
purpose [55], and Knudsen shows explicitly how internal, organizational-level selection among
routines can be reconciled with market-level selection among the firms that carry them, rather
than treated as a competing account [59]. What replaces the single-index replicator for multi-
product firms is therefore a multi-level accounting — routines or business lines as the base
replicating units, firms as interactors bundling many of them — a formalization this paper does
not carry out and leaves, along with the innovation break above, to the routines paper to
come.
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10 A measurement program

The taxonomy of §8 is a set of falsifiable rankings, not yet a set of estimates. This section
states what data would turn the rankings into numbers, how the resulting estimates plug into
the accounting this paper’s companion built, and what the next two papers in this series add
that this one deliberately leaves out.

What would estimate §p and (S5 industry by industry

The two measurement recipes of §8 point to two distinct kinds of panel. Estimating Sp industry
by industry requires a consumer- or account-level panel that records realized supplier choice,
a usable proxy for relative surplus, and, ideally, a dated change in the switching cost itself —
a portability mandate, a contract-length regulation, a platform policy change — so that the
same industry can be observed at two points on the damping curve of Figure 2 rather than at
one. Estimating fBg industry by industry requires a firm-level panel with capacity or capital
measures, profit rates, and a way to split firms by financing regime — bank-dependent versus
public-market-financed, young versus seasoned, in a jurisdiction with shallow capital markets
versus one with deep ones — of the kind already used to separate physical from revenue-based
selection in the productivity literature [67]. Neither panel is exotic; what is missing is not data
infrastructure but the specific cut, by financing regime and by dated switching-cost change,
that the taxonomy’s dials 2 and 4 say should matter and that existing growth-productivity
regressions do not report.

The taxonomy’s rankings are a test, not an assumption

Table 2 is falsifiable as a set, not only row by row. If franchised food service, retail chains,
and portable-account consumer apps do not show larger, more fitness-correlated share move-
ments than enterprise software, banking relationships, and aerospace procurement, once churn
frequency is held constant, the taxonomy’s central premise — that observability and switch-
ing cost, not industry size or growth rate, are what set a market’s position on the replicator
spectrum — is wrong, independent of whether any individual dial’s mechanism is right in
isolation. A weaker but still informative test follows dial 4 alone: an industry with two seg-
ments differentiated mainly by ease of external financing should show a measurably smaller
Bs in the better-financed segment, holding profitability dispersion fixed; finding the opposite
would falsify the financial-development paradox specifically, without implicating the rest of
the taxonomy.

Where this plugs into the wider accounting

The combined intensity § = Spb+ Ssd of Proposition 2(c) is not a new object invented for this
paper’s own purposes; it is exactly the selection-term coefficient that this paper’s companion
treats, in its own Fisher-theorem analogue, as an estimated, market-structure-dependent input
rather than a structural constant [101]. That paper asks how much of aggregate productivity
growth a measured [ explains, given the cross-sectional variance of the trait it acts on; this
paper supplies the institutional account of why [ takes the value it does, industry by industry,
before any productivity growth is measured at all. The two papers’ drift benchmarks connect
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the same way: this paper’s channels operate against a demographic noise floor, and any esti-
mate of fp or Bg from a real industry panel is only informative once it is checked against that
floor, industry concentration included, rather than read off a bare regression coefficient.

What the rest of the series adds

Two limits of this paper are deliberate, and two later papers take them up directly rather
than folding hurried extensions in here. The replicator equation, however it is derived, only
reweights strategies that already exist in the population; it cannot generate a genuinely new
competitor, a new format, or a new business model, because there is no mass on that strategy to
select for [14]. A later paper in this series takes up the replicator-mutator extension and treats
entry and innovation as the process that keeps refilling the simplex this paper’s dynamics only
reallocate across. And this paper’s measurement recipes, once run on real panels, will recover
Bp and (g estimates whose statistical significance depends on knowing how much apparent
selection a market of a given concentration would show under pure drift; a further paper in
the series extends the drift-null benchmark from productivity growth, where the companion
paper states it, to market-share panels specifically, so that a measured Sp or Sg can be judged
against the right noise floor rather than an assumed one.

Conclusion

The argument of this paper has run in one direction throughout: from an observable market
institution, to the revision protocol it implements, to the population dynamic that protocol
produces, to a rate that a real panel could in principle measure. None of the individual links
is new — Schlag’s imitation rule, Downie’s and Metcalfe’s reinvestment mechanism, Vega-
Redondo’s Walrasian result, Sandholm’s protocol framework all predate this paper and are
credited to their authors throughout it. What the chain adds, once assembled and read against
the industrial-dynamics literature’s own measured magnitudes, is a specific answer to a question
usually left at the level of metaphor: not whether competition computes, but how much
computing a given market’s institutions let it do. The honest verdict of §7 is that most
markets run this computation at a small fraction of its textbook rate. The taxonomy of §8
says that fraction is not noise; it is set, dial by observable dial, by choices about visibility,
lock-in, and finance that a market’s designers already make for other reasons, and could in
principle measure the evolutionary consequences of before they make them.

A  Proofs

A.1 Proposition 1: pairwise proportional imitation implies the replicator
equation

Recall Sandholm’s general mean-dynamic equation for a revision protocol p;;(7, x), the rate at
which an é-strategist switches to j:

b= Y wjpu(mr) — z Y py(m, ).
i i

Under pairwise proportional imitation [21], a revising agent samples one other agent uniformly
at random from the whole population, so the probability the sampled partner plays j is exactly
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xj; conditional on that meeting, the revising agent adopts j with probability x[m; — m]4.
The full state-dependent protocol is therefore the product of the meeting probability and the
conditional switch probability,

pij(m,x) = xj K [T — 7]+, pji(m,x) = xi K [T — T4,

the second obtained from the first by exchanging the roles of ¢ and j. Substituting both into
the general mean dynamic:

Bi= Y aj-wslm =l — @y wiklr - mly = %ﬁZ%’([m = mile = [m5 = Wi]+>-
j j j

Lemma. For any real a, [a]; — [—a]y = a. Proof. If a > 0: [a]+ = a and [—a]4+ = 0, so the
difference is a. If a < 0: [a]+ = 0 and [—a]; = —a, so the difference is 0 — (—a) = a. Both
cases give a. ]

Applying the lemma with a = m; — 7; (so [m; — m]4 = [—a]4+) collapses the bracket to

m; — m; exactly, with no approximation:
T; = T;K E :L'j(m—wj) Z.%'Z'KZ(?TZ' E Tj— E $j7Tj> :IZ’KJ(WZ’—TF),
J J J

using > ;z; =1 and 7 = 3 2;m; in the last step. This is @; = rkz;(m — ), Proposition 1,
with every step exact and no term dropped. ]

A.2 Proposition 2(a),(b): the two channels via the quotient rule for shares

(a) Demand channel. Consumers are the revising population, consumer surplus u; is the
payoff, and the consumer population is fixed (no entry or exit, only switching), so consumer
shares s; are population shares in exactly the sense of A.1. Each consumer receives a revision
opportunity at per-capita rate v and, on revising, applies pairwise proportional imitation on
u; with intensity x; the composite protocol is p;;(m, z) = v s; k [uj — u;]4+, identical in form to
A.1 with the substitutions * — s, @ — u, kK — k. The derivation of A.1 applies verbatim
under this relabeling and yields $; = v& s;(u; — u) = PBp s;(u; — u), Proposition 2(a).

(b) Supply channel [attributed to 48, 49]. Capacity grows by reinvested profit, K; = r m; K;.
Let K = Zj K be industry capacity and s; = K;/K. First, the growth rate of the aggregate:

K:ZKj :ZerKj —TKZ?@ :TKZSjﬂ'j =rKm.
j J j j

KK — K;K
Now differentiate the share by the quotient rule, $; = %(722, and split the right-hand
K K KKK
"TK K K K K
Substitute K; = rmK; = rmis; K and K = r K7 from above:

side:

. ;8 K rKm
S; = K — S5 7

=rms; — rsiw =1 8;(m — 7).
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Writing (s := r gives exactly $; = (s s;(m; — 7), Proposition 2(b), derived with no approxima-
tion: the quotient rule is exact, and every substitution used only the two defining equations
Ki = T?TZ‘KZ' and S; = Kz/K

(c) The combined channel. Both dynamics act on the same share variable s; simultaneously,
so they add: $; = fp si(u; — @) + Bs si(m; — 7). Under w; = a + bz;, the mean cancels the
intercept, u; — u = b(z; — z), since u = a + bz; likewise m; — T = d(z; — Z) under m; = ¢ + dz;.
Substituting,

S = BD S; b(zi — 2) + ﬁs Si d(zi — Z) = (ﬁDb + ﬁsd) si(zi — 5) = le(zl — Z),

with 8 := fpb + Psd, exactly Proposition 2(c). O

A.3 Proposition 3: the kink, and its first-order smoothing under taste het-
erogeneity

The kinked law. Adding a switching cost ¢ > 0 changes the conditional switch probability in
A.2(a) to k[uj —u; —c|4, so the protocol becomes p;;(m, x) = v s; Kk [uj —u; — ¢]4. Substituting
into the general mean dynamic exactly as in A.1, but without invoking the lemma (the “—c¢”
shift breaks the identity [a — ¢]+ — [-a — ¢]+ = a — ¢ in general, which is why the result
does not collapse to a linear law), gives the general damped dynamic of the main text, §; =
VED sisj([ui —uj — ]+ — [uj —u; — c]+). For two firms with A := uy —uy > 0: the j = 2 term
of i = 1'ssum has ug —u; —c = —A—¢c < 0, 80 [ug —uj — |+ = 0, leaving $; = Yk s152 [A — ] 4.

Taste-gap smoothing. Give each consumer an idiosyncratic match value € per firm; a
consumer currently at ¢ meeting a sampled j-consumer faces the effective gap (u; — u;) + G
with G = ¢ — ¢; drawn from a symmetric density g (¢(—v) = g(v)), so the conditional switch
probability is k[u; —u; + G — ¢|+ and the population flow requires averaging over the revising
consumer’s own draw of G. Define

h(A) = Eg[[A+G—dy] = /iOA(A—I—U—c)g(v)dU,

the integrand being zero below v = ¢— A. The two-firm dynamic becomes $1 = v« s159 (h(A) —
h(—A)); setting g to a point mass at 0 recovers h(A)—h(—A) = [A—c|y —[-A—c]4 = [A—d]
exactly, the kinked law above, so the smoothed model nests it.

Differentiate h by Leibniz’s rule with lower limit L(A) = ¢ — A:

h'(A) = — (A +v— c) ‘v:L(A) g(L(A)) L'(A) + /LZ) l-g(v)dv = /il g(v)dv = Pr[G > c—A],

=A+(c—A)—c=0

the boundary term vanishing identically because the integrand is zero exactly at the kink. At
A =0: W(0) = Pr[G > ¢] = Pr[G > ¢] for continuous G. Because h(A) — h(—A) is an odd
function of A by construction, its Taylor series contains only odd powers, so h(0) —h(—0) =0
exactly and the first correction past the linear term is O(A3):

h(A) — h(—=A) = 2A K (0) + O(A®) = 2 Pr[G > ] A + O(A?).

The factor of two is the sum of two symmetric margins: the outflow from firm 1 and the inflow
from firm 2 each contribute a sensitivity vxPr[G > ¢| to a marginal change in A, and the
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reported statistic is the sensitivity of a single margin, fp(c) := vk Pr[G > ¢] — consistent with
Bp(0) = v Pr[G > 0] = vK/2, exactly half the frictionless Sp = vk of Proposition 2(a), since
with symmetric taste noise and zero switching cost exactly half of all sampled pairs have an
idiosyncratic gap that reinforces, rather than fights, the systematic ranking. To leading order
in A,

51 = Pple) sis2 A, Bp(c) = vk Pr|G > ¢,

Proposition 3’s smoothed law. Monotonicity is immediate from g > 0: Pr[G > ¢] = [ g(v) dv
is non-increasing in ¢, so fp(c) falls monotonically from yx/2 at ¢ = 0 toward 0 as ¢ — co. [

B The discrete-time replicator as a Price equation

Section 3’s Equation (2) asserts, without proof, that the discrete-time replicator is exactly the
selection term of the Price equation with the transmission term set to zero. This appendix
derives that claim, states the exact one-step identity underneath it, shows precisely where the
O(At?) remainder in Equation (2) comes from, and fixes the notation that maps every quantity
in this paper onto Paper No. 1’s accounting [101].

The discrete map

Fix a time step At and define, for each firm 7, a one-period fitness

wi(t) =1+ At (m(t) — 7)),  7(t)= Zsj(t) (1),

and update shares by s;(t + At) = s;(t) w;(t)/w(t), with w(t) = >, si(t)w;(t) the usual
replicator-map normalization. Two facts follow immediately from the definition of w;, before
any approximation is made.

First, w(t) = 1 exactly:

w(t) =Y si(t) [1+AL(mi(t)—7(t)] = Zsi(t)—i-At(Zsi(t)m(t)—fr(t) Zsi(t)) = 1+At(7(t) -7 (1))

7 % i %

using > . s;(t) =1 and ), s;(t)m;(t) = @(t) by definition. A closed population — no entry or
exit within the step — needs no renormalization at all: the division by w(t) that the general
replicator map requires is here a division by one. Second, the update is therefore

si(t+ At) = si(t) wi(t) = si(t) + At s;(t) (m(t) — 7 (1)),
the forward-Euler discretization of the continuous replicator $; = s;(m; — 7) of Equation (1),
evaluated at the coefficients m;(t), 7(t) prevailing at the start of the step.

The exact one-step Price identity

Paper No. 1’s Identity 1 holds for any population with weights s;(t), fitness w;(¢), and character
zi(t) subject to a within-unit change Az; over the step [101]:

Covs(w;, 2i)

AZ = Sel + , Sel

Es[w; Az
w w
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The replicator of Section 5 models pure reallocation: no firm’s own trait z; changes between
revision rounds, only the shares attached to each fixed trait do, so Az; = 0 for every 7 — the
gap Section 9 flags as the innovation break, left to the replicator-mutator extension of Paper
No. 3. The transmission term therefore vanishes identically, and with w = 1 from above,

Az = Covg(w;, z;) = Covg (1 + At(m; — 7), zz) = At Cov(m;, 2;),

the last step using that a covariance is unaffected by an additive constant and scales linearly
with a multiplicative one, so the “1” and the firm-independent “—At 7” inside w; both drop
out. This is exact for one step at frozen coefficients: the discrete replicator literally is the Price
equation’s selection term with zero transmission, no approximation involved yet.

Where the O(At?) comes from

The frozen-coefficient step above is not the same object as the true continuous-time flow over an
interval of length At, because in a real market m; and 7 are functions of the share vector, which
itself moves during [¢,t+ At]. Along the true flow, zZ = >oisizi = si(mi—7)z = Covy(my, 2;)
at every instant, so

t+At
(4 At) — (1) = /t Covalr] (mi(r), 21) dr.

A first-order Taylor expansion of the (differentiable) integrand around 7 = ¢ gives Cov[7](m;(7), z;) =
Covg[t](mi(t), z:) +O(T —1t), and integrating this over an interval of width At turns the O(7 —t)
remainder into O(At?): a term growing linearly from zero, integrated over a width-At window,
sweeps out an area of order At?. Hence

ARE,[z] = Covy(m;, z;) At + O(At?),

recovering Equation (2) exactly: the frozen-coefficient discrete replicator and Paper No. 1’s
exact per-step Price identity agree with the true continuous flow to first order in At, and
disagree only at second order — the standard local truncation error of a forward-Euler step
applied to a flow whose vector field is evaluated once, at the interval’s start.

The map to Paper No. 1’s notation

Three substitutions carry every result of this paper into Paper No. 1’s accounting exactly.
Paper No. 1’s w; = s;(t + 1)/s;(t), computed from realized shares with At = 1, is this paper’s
w; = 14 At(m; — 7), specialized to a market in which profitability deviation is the only
fitness-relevant quantity and left in continuous-At form so that At — 0 recovers the ODE
exactly. Paper No. 1’s transmission term, generally positive wherever firms improve their own
productivity between periods, is zero throughout Propositions 2 and 3: this paper’s replicator
only reallocates an existing distribution of traits, and never explains a firm becoming better
at what it does, exactly the limitation Section 9 states as this analogy’s third honest break.
Paper No. 1’s selection term Sel = Covg(w;, z;) /@ has an analogous exact form for the combined
channel: applying the identical argument above to $; = 8s;(z; — Z) of Proposition 2(c) in place
of §; = si(m; — ) gives

Sel = At Varg(z;),
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Regime mean B s.d. of Bt first 10 last 10 HHIy top sharer
pure replicator (8 =0.20)  0.213 0.007 0.204 0.221  0.092 0.187

damped, ¢ = 0.20 0.143 0.011 0.129 0.157  0.048 0.138
neutral drift, o = 0.10 —0.004 0.030 —0.002 —0.009 0.040 0.125
replicator 4+ noise 0.214 0.029 0.212 0.216 0.100 0.185

Table 3: Recovered selection coefficients across 40 periods. “First 10” and “last 10” are means
over the first and last ten periods. The true selection intensity in regimes 1, 2 and 4 is 5 = 0.20;
regime 2 damps it through the switching cost.

since Covg(z;,2;) = Varg(z;): the market’s measured selection intensity is the product of the
combined channel intensity 8 and the population variance of the underlying efficiency trait —
the market-competition form of Fisher’s fundamental theorem that Metcalfe’s synthesis first
identified [49] and that Paper No. 1’s empirical decomposition estimates directly from data
without needing 5 and Vars(z;) separately [101].

C Simulation: what a selection regression recovers

This appendix reports a deterministic simulation (seed 20260830; script sim_replicator.py
accompanies the source) whose only purpose is to show what the industrial-dynamics litera-
ture’s standard “selection regression” recovers under each of the dynamics this paper distin-
guishes. One industry of N = 100 firms carries fixed log-efficiencies z; ~ N(0,0.30%) and
rank-size initial shares s;(0) oc 7% (initial HHI = 0.019), with size decoupled from efficiency
by a random permutation. Four regimes run for 7' = 40 periods:

1. pure replicator: w; = 1+ f(z; — z) with = 0.20, where Z is the share-weighted mean;

2. damped replicator (Proposition 3): pairwise flows As; = 83, sisj([zi — 25 — 4 — [2 —
Zi — c]+) with switching cost ¢ = 0.20 — identical to regime 1 when ¢ = 0;

3. neutral drift: w; = 1+ ¢; with Laplace-distributed &; of standard deviation o = 0.10 (the
heavy-tailed growth shocks of §7);

4. replicator plus noise: regimes 1 and 3 combined.

Each period the regression g; = a + 3 (z; — ) + €;, with g; = In (si(t+1)/si(t)) and z the un-
weighted mean, is estimated by ordinary least squares — the specification of the productivity—
growth regressions reviewed in §7.

Three readings follow. First, the regression recovers the pure replicator’s 8 to within a
few percent; the slight upward drift from 0.204 to 0.221 across the run is the second-order
effect of log growth — 91In(1 + Bz)/0x = B/(1 + Px) exceeds [ for the majority of firms once
the share-weighted mean z has moved above the unweighted mean, as it does under selection.
Second, the switching cost of ¢ = 0.20 (two-thirds of one standard deviation of z) attenuates
the measured coefficient to 0.143, a factor of 0.67; the share of firm pairs whose efficiency
gap exceeds c in this industry is 0.674. The two numbers coincide only approximately in
general, but they carry the same message as Proposition 3: what the regression reports is
Bp(c), the institutionally damped intensity, and it is smaller than the underlying 8 by roughly
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Figure 3: Period-by-period recovered Bt under the four regimes; the thin line marks the true
£ = 0.20. The pure replicator is recovered almost exactly; the switching cost removes roughly
a third of the measured intensity; drift yields a coefficient indistinguishable from zero but with
a standard error four times larger than in the noiseless regimes, which is the standard error a
real panel would show.

the fraction of comparisons that fall inside the selection shadow. Third, adding realistic noise
to the replicator (regime 4) leaves the mean coefficient intact but quadruples its dispersion:
with V = 100 firms and Laplace-tailed shocks of ¢ = 0.10, a single cross-section carries a
standard error of about 0.03 on a coefficient of 0.2, so the “weak selection” verdicts of §7 —
coefficients that are positive, significant and small — are exactly what a damped replicator
running inside heavy-tailed noise should produce.

The concentration columns record the other face of the same dynamics. Selection raises the
Herfindahl index from 0.019 to 0.09-0.10 in forty periods and hands the best firm nearly a fifth
of the market; the switching cost halves that concentration; pure drift doubles concentration
with no efficiency gain whatsoever, the mechanism behind the drift null of the first paper in
this series [101].

Figures 1 and 2 are generated by the same script: the two-strategy paths integrate & =
z(1 — z) [A — ]+ and the smoothed law & = 2Pr[G > c]z(1 — x) A with A = 0.30, and the
damping curves evaluate 2 Pr[G > ¢] for Gaussian and Laplace taste gaps as functions of ¢/,
where 7 is the standard deviation of a single consumer—firm match value.
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